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1. Introduction

In this paper we derive sufficient conditions for the nonexistence of nonconstant peri-
odic solutions of Volterra differential equations with distributed delays where the delay
kernels are chosen among y-functions or their suitable convex normalized combinations.
The reason of this choice for the kernels is that the Volterra delay differential equations
can thus be transformed in an expanded system of ordinary differential equations by the
standard “linear chain trick” method [7]. To this expanded o.d.e. Volterra system we
can apply the conditions, encoded by the logarithmic norm of some Jacobian related
matrix, that Li and Muldowney [5] have obtained for the nonexistence of (nontrivial)
periodic solutions for autonomous ordinary differential equations in R", conditions that
generalize to the case N > 2 the Bendixon and Dulac critera.

The general structure of the o.d.e. systems obtained from Volterra differential delay
systems (when the delay kernels are convex normalized combinations of y-functions)
has been studied, mainly in relation to boundedness and existence of an equilibrium and
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its global asymptotic stability, in some papers like Solimano and Beretta [9], Beretta
and Solimano [2] in which the authors considered the “linear” generalization of the
Volterra delay differential equations and in a paper by Beretta et al. [1] where the linear
generalization of Volterra delay equations was applied both to a prey—predator model
with prey’s shelter and to an SIR epidemic model with incubation time. In all these
last three papers boundedness and global stability (and hence nonexistence of periodic
solutions) was encoded on a suitable extended “community matrix” by requiring that
it belongs to the S,, class. We show that the sufficient conditions for non-existence of
periodic solution obtained by applying the Li and Muldowney’s criteria include (i.e.
are more general) the case of S,, community matrices.

The paper is organized as follows: in Section 2 we recall the main criteia by Li
and Muldowney [5] and some related results on stability matrices. Moreover, we recall
the general structure of Volterra expanded o.d.e. systems obtained from Volterra differ-
ential delay systems and we report some results about boundedness of their solutions
and existence of a globally asymptotically stable nonnegative equilibrium. In Section 3
we first derive the boundedness properties and then suitable permanence or persistence
results of solutions in relation to applicability of Li and Muldowney criteria. Hence in
Section 4 we consider the application of Li and Muldowney criteria deriving the suffi-
cient conditions for the non-existence of nontrivial periodic solutions. Finally, Section
5 with discussion of the results concludes the paper.

2. General results

The Volterra delay differential systems with distributed delays can be written as
n n t
Xi=x; | e+ Z axj + Z “/ij/ Sij(t —wxj(u)du |,
J=1 j=1 ==

ieN2{1,2,...,n}, 2.1)

where for each y; # 0, f;; : [0,+00) — R are continuous nonnegative functions
obtained by convex combination

Dij

flj(u) _ Z C(k) (k)(u)’ c(k) Z C(k) (2.2)

of functions which are solutions of linear differential equations with constant coeffi-
cients:

1) = “lexp(—oyu), oy €Ry, ke {1,2,...,p;} (2.3)

(k 1)'
and satisfy the normalized condition

+00

fij(u)du =1.
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We remind that the average time delay of (2.3) is T = k/o;;. We refer to (2.3) as to
a y-distribution (or y-function) of order k. According to linear chain trick (see [7] or
[11]) we put

t
X1 = / [P0 —wxuydu, k=1,..., py,

X0 =x;(0), i, jEN, 7y, #0. (2.4)

Let “p” the number of distinct functions x(J) and P={n+1,...,n+ p} the set of all
their 1ndlces According to (2.4), system (2.1) is transformed in an expanded system
of “n+ p” ordinary differential equations

k) (k .
X; = X; e,+2al,xj+z)),,Zc()() , 1€N,
j=1

k k—1 k ..
xfj)—oc,jx( )—oc,jxfj), k=1,....,pj, LjeEN:1y;#0, (2.5)

[739 1)

where the last “p” are linear differential equations with real constant coefficients. By
introducing the vector

xm
— c Rn+p,
x» +o

where X = (x,...,x,)" and X(») € RY is the vector of p-functions (2.4), system
(2.5) can be rewritten in the following matrix form:

diag(X™) 0
0 I,

) (e + AX), (2.6)

where e = (ey,...,e,,0,...,0)T € R"™?, I, is the “p x p” identity matrix and 4 =
(di/)ijeNuP is the (n + p) x (n+ p) real constant matrix of coefficients of (2.5) (if

i,j €N, dj=ay, dii:yiicgjlf) if i € N,j € P etc.) The initial conditions for (2.1) require
the knowledge in the past of the nonnegative, continuous and bounded functions

xi(u) = @i(u), wue€(—o00,0] forallieNN. 2.7)
The (2.7) provide the i.c. for (2.5) or (2.6). In fact
%i(0) = @i(0), €N,

0
WO = [ ACwewdn k=1..pp ijeN. (28)

i.e. X(0) € R}
Denote by

x(t) =x(t,p) =col(x1(t, @),...,x,(t, p)), (2.9)
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a solution of (2.1) with i.c. (2.7) for ¢ > 0 and consider the p-functions (2.4)
t
0= [ fPu—wg@dn k=1..p ieN

where x (t) = x;(¢). Then the vector function
2(t) = col(ri (@), .. X020,k = 1., pyj; i € N), (2.10)

where the first n-components are solution of (2.1), is a solution of the expanded system
of o.d.e. (2.5) with i.c. (2.8). Now, we can prove the following Lemma 2.1.

Lemma 2.1. Assume that (2.1) with i.c. (2.7) and delay kernels (2.2), (2.3) has a
periodic solution x(t) = x(t, ) with some period T >0, i.e., x(t + T) =x(t) for any
t = 0. Then the vector function z(t) in (2.10) is a T periodic solution of the expanded
system of o.d.e. (2.5) with i.c. (2.8).

Proof. It is enough to consider the “p” functions x (t) in (2.10):

By = / " O~ () du

and the change of integration variables: ¢t —u =5. We get
X1y = / £t — s)ds.
Of course, if the “n” variables x;(¢) are T periodic, then
+00 +00
X+ 1) = / Pt + T —s)ds :/ LDt — s)ds =x0(0),
0 0

thus implying that the vector function (2.10) is also 7 periodic.
This trivial result implies:

Corollary 2.2. Assume that the expanded system of o.d.e. (2.5) cannot have non-
constant periodic solutions. Then also the integro-differential system (2.1) with delay
kernels (2.2), (2.3) cannot have nonconstant periodic solutions.

Proof. If (2.1) has some 7 periodic solution, then also (2.5) must have a T periodic
solution in contradiction with the assumption.

The result in Lemma 2.1 or Corollary 2.2 makes meaningful to apply Li and
Muldowney criteria to the expanded system of o.d.e. (2.5) (or (2.6)) to infer the
non-existence of non-constant periodic solutions for (2.1) in the assumption that the
delay kernels in (2.1) are chosen as in (2.2), (2.3).

For the expanded autonomous o.d.e. system (2.6) the following results were proven
(see [2,9]):

Theorem 2.3. If —A4 € S,,, then all the solutions of (2.6) with initial condition X (0) €
R'\” are bounded. Furthermore a compact subset Q@ C R'\" exists containing the
w-limit set of (2.6). The w-limit set is nonempty because of the existence of at least
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one nonnegative equilibrium X* of (2.6). If X* is positive then X* € O (the interior
of Q).

Theorem 2.4. If —A4 € S,,, then system (2.6) has a nonnegative equilibrium, say X*,
which is globally asymptotically stable with respect to

R ={XeR ;>0 ifigl},

where I C N UP is the set of indices such that x; = 0.
We recall the definition of an S,, matrix [10]:

Definition 2.5. Let O = (g;;) be an n x n real matrix. Q € S,, means that a diagonal
real positive matrix ¥ exists such that WQ + QTW is positive definite.

Thus, to the autonomous o.d.e. system (2.6) the following criteria by Li and Mul-
downey [5] can be applied. Consider the general system of differential equations

dx
& . (2.11)

where F(x) € RY, x — F(x) is C' in an open subset D, of R". Denote by J = (9F/dx)
the Jacobian of (2.11) and by 4; > 4, = --- = Ay the eigenvalues of (%)[(OF/ax) +
(0F/x)"]. Denote by J©?! the () x (%)) matrix which is the second additive compound
matrix associated to the Jacobian matrix J (see [5,6], also the appendix for definition)
and remind that if x € R" then the corresponding logarithmic norms of J2 (that we
denote by u(J1?)) endowed by the vector norms (i) |x|1 =", |xi|, (ii) |x|ec = sup; |x;]
and (iii) |x|, = (x"x)"/2, respectively are:

OF, OF OF; OF;

i Rl —gupd L7 4 P 4y J i1 < <

(1) mJ=) Sup{@xr + o, + D s (‘ o o, > l<r<s N},
OF,  OF; OF, OF;

(ii) ,uoo(J[Z]):Sup{axr +éixs+2#” < ) 1< r<s < N},

(iii) p(JP) =2 + 2

x| |

where oo (J#) < 0 implies the diagonal dominance by row of the matrix J?! and
i (J?) < 0 means its diagonal dominance by column. Then the following holds:

Theorem 2.6. A simple closed rectifiable curve which is invariant with respect to
(2.11) cannot exist if W(J?) <0 or u(—J®) <0 on RY, where u is one of the
logarithmic norms.

Let D, be a simple connected subset of RV and A(x), x € R, be a C' nonsingular

(];' ) X (1;/ ) real valued matrix function on Dy. Furthermore, denote by 4 the matrix
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obtained from A4 by replacing each entry a;;(x) of 4 by
aaij(x) T N 6a,~j(x)
(aij)r = ( -F(x)= Z Txka(x)’ (2.12)

0Ox
k=1
i.e. A is the directional derivative of A4 in the direction of F. Assume that the solutions
of (2.11) exist for all # > 0. A subset D; of Dy is said to be “absorbing” with respect
to (2.11) if each bounded subset D of Dy satisfies x(¢, D) C D, for all sufficiently large
t. The following result holds [5]:

Theorem 2.7. Assume that

(a) Dy is simply connected,

(b) w(ApA=" + AJPI4=1Y < b < 0 on a set D; which is absorbing with respect to
2.11).

Then there is no simple closed rectifiable curve in Dy which is invariant with respect

to (2.11).

Assume that Q ¢ R" is a compact global attractor for (2.11). Then the following
holds also true:

Corollary 2.8. If Q c RY is a compact global attractor of (2.11) on which
w(ApA= " + 472471 <0 (2.13)

for some logarithmic norm then in ) there is no simple closed rectifiable curve which
is invariant with respect to (2.11).

Remark that if we choose 4 as a real constant and nonsingular matrix, then 4x=0 and
condition (2.13) becomes u(4J?'4~=1) < 0 on € for some logarithmic norm. Finally,
if A =1, the identity (1;’) X (g) matrix then (2.13) reads u(J?!) <0 on Q.

It may be interesting to recall also the following result by Li and Wang [6]. Assume
A is an N-dimensional real matrix and denote by ¢(4)={4;:i=1,2,...,N} its spectrum
and by s(A4) its “stability modules”:

s(4) =max{Re i: 1 € a(4)}. (2.14)
We say that matrix A4 is stable if s(4) < 0. Then, the following holds [6]:

Theorem 2.9. Assume that (—1)" det(4) > 0. Then Ais stable if and only if wW(A*) < 0
for some logarithmic norm p.

Hence, Theorem 2.9 is the link between negative criteria for existence of periodic
solutions and stability of Jacobian matrix. Furthermore, assume that A(x) is an N x N
real matrix depending with continuity on some real parameter o € (a,b) C R. Then
oy € (a,b) is said to be a “Hopf bifurcation point” for A(a) if A(a) is stable for o« < o,
and there exists a pair of complex eigenvalues Re A(o) 4+ Im A(a) of A(o) such that
Re /(o) > 0 while the other eigenvalues of A(«) have non-zero real parts for o > o.
Then we get the following (see [6]):
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Corollary 2.10. No Hopf bifurcation points of A(x) exist in (a,b) if u(A%(a)) < 0
for some logarithmic norm p and all o € (a,b).

Of course A'?! in Theorem 2.9 and Corollary 2.10 is the (%) x (}) second additive
compound matrix associated with the matrix 4.

3. Two-dimensional Volterra systems with 2 delays

Now let us consider an n-dimensional Volterra delay differential systems with dis-
tributed delays expressed by (2.1) with delay kernels (2.2) and (2.3). The systems can
be expressed as (2.5) by using p new variables (2.4) and become (n+ p)-dimensional
o.d.e. Their Jacobian has a size (n+ p) X (n+ p) and its second additive compound, is
("57) x ("57). Hence, in the following we restrict our systems with n=2 and p < 2,
that is, we consider two-dimensional Volterra systems with at most 2 delays, whose
kernels are given by the first or second order y-distributions (k =1 or 2 in (2.3)).
Hereafter, for the simplicity of notation, we denote ng) as xj(.k).

Because of the symmetry of the systems, they are described as follows:

e a system with one first order delay:
. 1
x1=xi(er +anxy +apx; + ij- M,
X = x(e2 + anxy + anxz),

(1) (1)
xj = OOCJ' — X

i, J=lor2. 3.1)

e a system with one-second order delay:
X1 =xi(er +anxy +apx; + ij-z)),
X = x(e2 + anxy + anxz),
FUN—)

e

«(2) (1)
X7 =ox $I

J J

j=1or2. (32)
e a system with two-first order delays:

X1 =x1(er +ayx; +apx; + leﬁ” + szgl)),

X2 =x2(e2 + axxi + anxz),

A = ey — o),

#) = pry — prs”), (3.3)

. !
X1 =x1(er + anxi + apxz + wxﬁ ),

. i
X2 =x2(ex + axixy + apx; + szg ),
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FONp——()

(1 1

# =y — g, (3.4)
. !

X1 =x1(er +ayx; +apx; + mxé ),

. 1
Xy =x2(e2 + anx1 + axpxy + sz§ ),

RUN—

A = g — iV (3.5)
X1 =x1(er +ayxy + apxy + wxﬁ”),

. (1
Xy =x2(e2 + azxi + axpxy + sz(l ),

FONp——()

A= gy — gD, (3.6)
We will distinguish between two systems in (3.1) as (3.1); for j = 1,2. Similarly, we
define system (3.2); for j=1,2. For all systems, we always assume that a; <0, ¢; # 0
(i=1,2) and o, > 0. The first assumptions imply self-crowding effects biologically
and the last comes from (2.3).
First, we consider the boundedness of the solutions to systems (3.1);,—(3.6). Note
that R® or RY is positive invariant for each system.

Theorem 3.1. Suppose that

(a) for (3.1)1; one of the following is satisfied:
(a.1) appaz <0 and a;y +7 <0,
(a2)app <0,ay <0and ay +7y<0,
(a.3) aplaxy > apdn and < 0,

(b) for (3.1),; one of the following is satisfied:
(bl) apay < 0 and apaxp > — ’))26121/(4(112),
(b.2) a;p < 0 and ay; <0,

(b.3) anaxn > axnax and y <0,

(c) for (3.2); one of the following is satisfied:
(c.1) apax <0 and ay; + |'))‘ <0,
(c2)apn <0, a5 <0andajy + |y <0,
(0.3) ajay > |012||(121|, ap + |a12\ <0 and y <0,

(d) for (3.2),; one of the following is satisfied:
(dl) —ap; > |a12| + ‘"/| and —day > |a21|,
(d.2) the same as (c.2),

(d.3) the same as (c.3),
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(e) for (3.3); one of the following is satisfied:
(e.1) —an > |awa| + [y1| + [72] and —axn > |ax|,
(e2) a;n <0, ayy <0 and —ay > 1] + [72],
(e3) anaxn > |ap|lay|, —an >lap|, y1 < 0 and y, <0,

(f) for (3.4) or (3.5) or (3.6); one of the following is satisfied.
(f1) ai; <0, az1 <0, —ay > |y1| and —ax > ||,
(f.2) the same as (e.3).

Then solutions of (3.1);—(3.6) are bounded for any o.> 0 and f > 0.

Proof. Let us consider system (3.1); and function

2
1
Sj = E w;x; + 50)3{)?;1)}2’ ] — 1’2, (37)
i=1

where w; > 0 (i =1,2,3) are constants chosen suitably later. We consider only (3.1);
and denote S; simply by S. The time derivative of S along the solution of (3.1),
satisfies for any ¢ > 0 that

S + &S =wixi(e; + anx; + apx; + “/)Cﬁl)) + waxa(er + azxy + anxy)
2 1
(1) (1) (M2
+w3x; (o —oxy )+ E,l wix; + 5w3s{x1 1.

We consider two cases.

Case 1: a;; < 0(i,j=1,2; i # j) or ajpay <0. For the first case without any
restriction on w; > 0 (i =1,2,3) and for the second with wa;; + w,ax; =0, we have
the following:

S+eS < wi(e; + e)x; + wa(ex + €)xy + w2a22x§

O R N L " (3.8)
b 0 ws o g2—u x(ll) ) '

Now we choose ¢ > 0 satisfying ¢/2 — o« < 0 and a;,(g/2 — o) > ay, that is, satisfying

O<8<min{oc,oc+w/}. (3.9)
2 an
The choice of ¢ > 0 satisfying (3.9) is possible if @;; + y < 0. Under this ¢ > 0, the
matrix
1 w0 an Y an o w 0
= + (3.10)
2 0 ws o &2—u Y g2—ua 0 ws
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is negative definite under a suitable choice of wi, w; > 0 (see for example [10]).
Hence for any x; and xgl) , the last term in (3.8) satisfies

()] 0 ar Y X1 1
(x1, x(l) < - x2+ x( N2 ’
LX) 0 s ° &2 —ua N m(xi +{x]'})

where —4,, is the largest eigenvalue of (3.10), which is negative. Therefore, we obtain

S+eS < xi[ — Auxi + wi(er + )] + waxalanxs + (ex + )] — )vM{x?)}{
which implies that S+eS < M for any xl,xz,xﬁl), where M is some positive constant.
This shows the boundedness of function S and solution of (3.1); is bounded if one of
(a.1) or (a.2) is satisfied.
Case 2: y < 0. For this case, by choosing m;y 4+ w;o =0, we have

S+ eS=wi(e; + ey + wr(er + &)xa + w3(—a + 8/2){)651)}2

w; 0 app  ap X1
+(x17 x2) *
0 ax  ax X2

If ajjaxn > appas, the last term of the above is negative definite for any xj,x; under

the suitable choice of w;,w, > 0. Further if we choose ¢ > 0 satisfying —a + ¢/2 < 0,

by the same reason as Case 1 there exists a constant M > 0 such that S 4+ &S < M

for any xl,xz,xﬁl). This shows the boundedness of the solution of (3.1); under (a.3).
Similarly we can apply for (3.2);

2
1 1
S = Z w;x; + §w3{x§-1)}2 + Ew;;{xj»z)}z
i=1
for (3.3), (3.4), (3.5)

2
S = ; Wi + %m{xg”}z + %m{xg”}z
and for (3.6)
: Lo Lo
S = ;wix,» + Ew;{xl ¥+ Ew4{x1 1,
respectively. The proof is just a repetition of the method for (3.1); and we will

omit it.

Remark 3.1. Let us consider for (3.1); the relationship between the local stability of

a positive equilibrium £, = (xT,xE‘,x(ll)*) and the conditions on the boundedness of the

solutions (that is, conditions (a.1)—(a.3)). The Jacobian of (3.1); at £, is
anxy  apxy  pxf
J=| anx; anx; 0

o 0 —o
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Note that x{"”* = x¥. The E, is stable if and only if

ap = —anxj —anx; +o >0,

ay = (a1azn — anax )xix; — alan + y)x; — aaxnx; >0,
ay = (anan + any — apay Juxix; >0,

apa); —a; > 0.

It is easy to check that £ is stable if one of (a.1) and (a.3) is satisfied. The following
examples show that (a.2) is not sufficient for £, to be stable.

Example 3.1. g; =y=—1 (i=1,2), a;jp =ay; = —2, ey =4 and e, = 3. For this case,
(a.2) is satisfied and the solution of (3.1); is bounded. Note that £, =(1,1,1), a; <0
for any o« > 0 and E, is unstable.

Example 3.2. a;; = —1 (l = 1,2), Y= 07, ajpp = 71, az = 705, e = 1.3 and ey = 1.5.
Since (a.2) is satisfied, the solution of (3.1); is bounded. Note that again £, =(1,1,1),
ap <0 for any o > 0 and E is unstable. Further note that

1 1 =07
—A=1]05 1 0 ¢S, foranya >0,
—o 0 o

since det(—4) = —0.2a < 0 [10]. Hence condition (a.2) extends the condition on the
boundedness of the solution given in Theorem 2.1.

Now let us show “partial permanence” of the solutions to (3.1);—(3.6). We need the
following Butler—McGehee’s lemma [4].

Butler-McGehee’s (B-M) lemma. Suppose that P is a hyperbolic equilibrium point
of

y=f() (ER,fIR" =R feCh
which is in w(x) (the omega limit set of a positive orbit), but is not the entire omega

limit set. Then w(x) has nontrivial (i.e., different from P) intersection with the stable
manifold M*(P) and the unstable manifold M~ (P) of P.

Remark 3.2. From [8], we know that the Jacobian matrix at such a point P satisfying
B-M lemma cannot have all of its eigenvalues with negative real part; it also is
impossible to have all eigenvalues with positive real part. Hence the stable and unstable
manifolds are not empty. The lemma implies that an orbit cannot sneak into and out
of a neighborhood of P infinitely often without having accumulation points on M™*(P)
and M~ (P), when P € w(x) but P # w(x).

We have the following results:

Theorem 3.2. Suppose that the solutions of (3.1);~(3.6) are bounded and at least
one of e; (i = 1,2) is positive. Consider the solution x(t) starting in Ri (system
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(3.1);) or in Ri (system (3.2);—(3.6)). Choose a sufficiently large number T > 0 and
a sufficiently small number ¢ > 0 and define sets

Q= {x R | +x2>exl’) >0}, =12

Q' ={xe Ri|x1 +x > s,xﬁ” >0, j=1,2},

0t = {x e Ri|x1~ > 8,x§i) >0, i=1,2},

Q4 ={xe Ri|x1 +x; > s,x(ll) > 0, )E(ll) > 0}.

(i) For (3.1)y, the solution stays in 03 for t > T, if y < 0 or —ay; >y > 0.
(ii) For (3.1)a, the solution stays in Q3 for t > T.

(ili) Suppose that —ay; > |y|. Then for (3.2);, the solution stays in at for t > T, if

er > azie1/(a +7) when e >0,

or ey > apey/apn when ey > 0. (3.11)

(iv) For (3.2),, the solution stays in a' for t > T, if

ey > axie1/ay;  when e > 0,

or e >eyap+y)/ayn when ey > 0. (3.12)
(V) For (3.3), the solution stays in Q* for t > T, if —a;; > |y1].
(vi) For (3.4), the solution stays in Q* for t > T, if
—a; > |y (i=12). (3.13)
(vii) For (3.5), the solution stays in Q* for t > T.
(viii) For (3.6), the solution stays in a for t > T, if —ay; >

A

Proof. Consider system (3.1);. First we show that the equilibrium point Ey = (0,0,0)
of (3.1); is not contained in the w-limit set of any solution of (3.1), starting at a point
belonging to Ri.

Let y*(x) be the positive orbit through a point x € Ri of (3.1); and w(x) be its
w-limit set. Note that w(x) is not empty since the solution is assumed to be bounded.
Note that the Jacobian matrix of (3.1); at Ej is

€1 0 0

and the Ej is a saddle since at least one of ¢; (i =1,2) is assumed to be positive and
o > 0. Hence w(x) # Ey by Remark 3.2.

Now let us show that Ey & w(x).

Case 1: e; >0, e; >0 (see Fig. 1(a)). Assume that £y € w(x). Since Ey # w(x),
by B-M lemma, there is at least one point Q € w(x) N M1 (Ey), O # Ep. Note that
M™(Ey) is the positive xil)—axis by e; > 0 (i =1,2). Since the entire orbit through QO
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.’Egl) J;gl)

O

Eo T2 EO T

Eq T2

z) (c)

Fig. 1. By B-M lemma,1 there exists a p:oint 0 € wx)N MT(Ey) whenlEo € w(x) but Ey 175 o(x).
(a) MT(Eo) = {(ri,x2,x e =32 = 0,51V > 0. (b) M (Eo) = {(v1,0,x"pe1 =0, x» = 0, 2V = 0}.
() M*(Eg) = {(ri,x2x ey 2 0, =0, " > 0}

1 1

is contained in w(x), the positive x(ll)—axis is contained in w(x), which contradicts to

the boundedness of the solution. Hence Ey & w(x).

Case 2: ey >0, e; <0 (see Fig. 1(b)). Assume that £y € w(x). Again by B-M
lemma, there exists a point Q € w(x) N M (Ey) and Q # E;. The M (Ey) is the
nonnegative xrxﬁl) plane. It is trivial that the plane is invariant for (3.1);. The system
on the plane is described by

) (1 |
Xy = x2(e2 + anxy), X(l ) — —OCXE ’

and any solution starting at a point in the plane tends to (0,0) as # — + co. Note that
X, < 0 since e; < 0, ayp < 0. If Q is on either boundary axis of the plane, we have the
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similar contradiction to the boundedness as Case 1. If O belongs to the interior of the
plane, since there is no equilibrium and no periodic orbit in the interior of the plane,
the orbit through O must be unbounded, giving a contradiction. Hence, Ey & w(x).

Case 3: e} <0, e; > 0 (see Fig. 1(c)). Suppose again that £y € w(x). By B-M
lemma, there exists a point Q € w(x) N M (Ey) and Q # E;. Now M1 (Ep) is the
nonnegative xl—xgl) plane. The system on the plane is

i =xi(er +anx +ox00), A = oy — o,
It is easy to check that there exists neither equilibrium point nor periodic orbit in
the interior of the plane under the condition that y < 0 or —a;; > y > 0. Hence any
solution starting at a point in the plane tends to (0,0) as ¢t — oo. This gives the similar
contradiction to the boundedness of the solution as Case 2. This shows that Ey & w(x)
for all cases.

Now suppose that for some x > 0, the w(x) contains a point on the positive x; ’-axis.
Since the axis is positively invariant, this assumption implies that w(x) contains Ey or
is unbounded, both give contradictions. Hence, w(x) contains no point of the xﬁl) -axis.
This shows that there exists no sequence {#,} of real numbers, which tends to infinity

51) — )El(l) > 0 as n — oo, for any

(1)
1

as n — oo such that x(¢,) — 0, x2(t,) — 0, x
fl(l) > 0. This proves (i).

Consider now system (3.1),. Note that the dynamics in the nonnegative xl—xgl) plane
of (3.1), is described as

X1 =x1(er +anx + ’/Xgl)), Xé” = —“x(zl)-

Hence any solution starting at a point in the plane tends to (0,0) as t+ — oo when
e; <0 and e, > 0. This is a qualitatively different point from Case 3 for (3.1); and
now we have no restriction on a;; < 0 and y. This shows (ii).

Consider system (3.2);. We will show under assumption (iii) that boundary equi-
librium points Eg = (0,0,0,0), E}*> = (x7,0,x},x}) and Ep = (0, —ez/axn,0,0), where
x{ = —ey/(a;1 +7y) > 0, are not contained in the w-limit set of any solution of (3.2),
starting at Ri.

First we prove the following:

(P1) when E; exists (that is, when e, > 0), it is globally asymptotically stable with
respect to Ry ={x € R10|x1 =0,x, >0, xﬁl) >0, x(lz) > 0}.

(P2) When E, does not exist, E, is globally asymptotically stable with respect to
{xe Rio\xl =0,x, = O,xgl) > O,x(lz) > 0}.

(P3) When E[? exists (that is, when e; > 0), it is globally asymptotically stable
with respect to the nonnegative x; — xﬁl) — xﬁz) space Ry = {x € Ri0|x1 > 0,x; =0,
xﬁl) > O,xﬁz) > 0}.

(P4) When E!? does not exist, £y is globally asymptotically stable with respect to
{x e Rio\xl = 0,x, :0,x(11) > 0,x(12) > 0}.

In fact, the space R, is positively invariant and system (3.2); on the space is
described as

. .(1 1 .(2 1 2
X =x(e +anyy), AV =—udl), P =wl —al?,
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which shows that x; — —e;/ass, xl —0(j=1,2) as t — + 0o when E; exists (and
e, > 0). This shows (P1). It is easy to show (P2) when e, < 0.

Condition (P3) follows from the results of [3]. Suppose that E}? does not exist
(e1 < 0). Since the space {x € R10|x1 > 0,x :O,xg) > 0’x§2) > 0} is positively
invariant and (3.2); on the space is

(1) _ (1) D (D (2)
X oy — oy

. _ @)
X1 =x1(er + anx; +yx;7), =ox; —ox; o, X;

Consider the function ¥ = Inx; + o(x}"

we have

+x§2)) for some @ > 0. Then from —a;; >y,

V < e + (0o +ar )(xp — x; ))

By choosing wo + a;; =0, we have V(¢) < V(0) + et (¢ = 0), which shows that
x1(2) — 0 as t — oo (note that e; < 0). This shows (P4).

Now we are in position to prove (iii). First we show that Ey & w(x). Assume that
Ey € w(x). The MT(Ey) is the positive xﬁl) —xﬁz) plane when e; > 0 and e; > 0 (Case 1:
see Fig. 2(a)). By the Jacobian matrix at £y, we have Ey # w(x) by Remark 3.2 and
there exists at least one point Qy € w(x)NM T (Ey), Qo # Eo by B-M lemma. It is easy
to check that the M (Ey) is invariant and any solution starting at a point on M *(Ep)
tends to (0,0) as t — oo. Since there is no equilibrium point and no periodic orbit
on M*(Ep), the orbit through Qyp must be unbounded, giving a contradiction. Now
consider the case where ¢; <0 and ez > 0 (Case 2: see Fig. 2(b)). This case M (Ep)
is contained in the positive xl—x1 —x1 space. If Ey € w(x), then there exists a Qp
such that Oy € w(x) N M T (Ey). Since e, < 0 bgf (P4), Ey is globally asymptotically
stable with respect to the nonnegative x| xl space. By the same reason for Case
1, the orbit through Qp must be unbounded, glvmg a contradiction. When e; > 0 and
e; < 0 (Case 3: see Fig. 2(c)), Ey € w(x) gives the same contradiction, by (P2). This
shows that Ey & w(x) for all cases.

Next we show that £, ¢ w(x) and EI? € w(x). We consider only Case 1, the
remaining Case 2 for £, and Case 3 for E{? are proved similarly. Suppose first that
E; € w(x). From the Jacobian matrix at E; and assumption (iii) (i.e. e; > ajzez/az
when e, > 0), M (E,) is contained in the set Ry. By B-M lemma, there exists a point
0, € w(x)NMT(Ey). If O, is contained in the positive xﬁl)—x(lz) plane (x; =0), we
have the same contradiction as one we have for Ej. If O, is a point on the positive
x-axis, we have two possibilities; one has Ejy € w(x) or an unbounded solution; both
give a contradiction (note that the positive xp-axis is invariant and has a globally
asymptotically stable point —e;/az; with respect to itself). If O, € intR,, again we
have two possibilities by (P1); one has £y € w(x) and the other w(x) is unbounded,
both give a contradiction. This shows that £, & w(x).

Finally let us assume that £} € w(x). From the Jacobian matrix at £/? and assump-
tion (iii) (i.e., e > azie1/(ar; + y) when e; >0), M (E}?) is contained in R;. By
B-M lemma, there exists a point Q1 € w(x) N M T (E}?). Again by (P3), we have two
possibilities; one has Ey € w(x) and the other w(x) is unbounded, both a contradiction.
This completes the proof that none of Ey, E}% or E, are not contained in w(x) of
(3.2);.
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Fig. 2. By B-M lemma, there exists a point Oy € w(x) N M (Ey) when Ey € w(x) but Ey # w(x).
(a) M (Ep) is the positive x(ll)—x(lz) plane. (b) MT(Ey) is the positive x| —xil)fx(lz) space. (¢c) Mt(Ep) is

1)__(
1

contained in the positive xj—x; '—x; ) space.

The above also shows that any point in spaces R;, R, and in the nonnegative xil)—x?)

plane is not contained in w(x) of any solution of (3.2);. This implies that any solution
of (3.2); starting in Ri stays in €y for > T and completes the proof of (iii).

For (3.2);, we can prove similarly that the boundary equilibrium points Ey, E; =
(—e1/ai1,0,0,0), E212 = (0, —ex/az, —ez/ar, —ez/ax) are not contained in w(x) under
the condition given in (iv) and it follows just the same as (iii). For the remaining
systems (3.3)—(3.6), we can prove that £y ¢ w(x) and (v)—(viii) follow similarly as
(i). This completes the proof of Theorem 3.2.
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4. Nonexistence of periodic solutions

Let us apply Li-Muldowney’s criteria (Corollary 2.8) for the nonexistence of periodic
solutions of systems (3.1);—(3.6) (j =1,2). Choose 4 as the identity matrix in (2.13)
and consider (3.1);. The Jacobian matrix of (3.1); becomes

(1)

el + 2ap1x1 + appx; + yxq a;x X1
J = a1 xo e + arixy + 2axnx; 0
o 0 —a

The logarithmic norm y; endowed by the norm |x|; of the second additive compound
matrix J©?! associated to J is negative in R, if and only if the supremums of the
following functions satisfy

(e1 + 2ay1x1 + appxs + yx(ll)) + (ex + azix) + 2axnxy) + o <0,

(e1 + 2a11x1 + appxy + VXEI)) — o+ ‘a21 |X2 <0,

(e2 + azix1 + 2axx;) — o+ |anlx; + |ylx <0,
in R%,. From the second and third inequalities, we have as + |az1| < 0 and @ +
lai2| + |7| < 0 as necessary conditions for y; < 0 in Rio. These two conditions hold
true only for y=0, which gives us a Lotka—Volterra system without a delay term. This

shows that the direct application of Li-Muldowney’s method does not work for (3.1);.
Now let us transform (3.1); by change of variables

yl — (61 =+ Cllle/llyl + Cllze/lzyz + "/)Cgl))//ll,
Yy = (€2 + aze"? + ane™)/ly,
x%l):aei‘y‘ —ocx(ll), (4.1)

where new variables y; (i = 1,2) are defined by y; = (logx;)/4;, for some positive
constants /; chosen later. The Jacobian matrix of (4.1) is

ap e Jaane® [y /i

Jl— 7 1)1 ) A2 )2 0
= | Aage™ /2, anne

adieh 0 —a

21y, . . . . .
The logarithmic norm ,ul(J]1 ) is negative in R’ (note that it must be negative in R’

not in Rio, because of change of variables) if and only if the following is satisfied
in R®

sup{ane;"y‘ + ayne” + ot)qeilyl} <0,
sup{ane)"y‘ —a+ Alay |eA‘y‘/22} <0,

sup{azze}'zy2 — o+ )~2|a12|eim/il + Iyl/A} <. 4.2)
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Suppose that for sufficiently small ¢ > 0 and large 7 > 0, the following is satisfied by
the solution y(r) = (y1(t), y2(£),x{"(r)) of (4.1)

(1) € D, ={y € RPle"" + e > gxi") > 0} fort>T. (4.3)
Under assumption (4.3), the conditon given in Corollary 2.8 is ensured if

ay + OC)q < 0, ai Jr/l]|a21|//12 < 0,

an + blap|/i <0, —a+|y[/A <O.
The above is equivalent to

el o an Pl an (4.4)

ai o anl” A A

Suppose that ajjax = |aiz||az| and —aq; > |y|. Then it is easy to check that we can

choose 4; > 0 (i = 1,2) satistying (4.4) for each o > 0. Note that Q?" corresponds to
Q3 defined in Section 3 and (4.3) is equivalent that the solution of (3.1); stays in Q3
for t > T. For the last property, a sufficient condition is given in Theorem 3.2(i). This
proves the following Theorem 4.1(i):

Theorem 4.1. Suppose that the solutions of (3.1);—(3.6) are bounded and at least one
of e; (i=1,2) is positive. Then each system has no periodic solutions for any o > 0
and f§ > 0 if the following conditions are satisfied.
(i) For (3.1),
anaxn = lanllaul, —an >y (4.5)
(i1) For (3.1),,
anian = lapllau|, anan > lax|lyl. (4.6)

(iii) For (32)1, (3.11) and

an(y[ + an) > |ailaz|. (4.7)
(iv) For (3.2),, (3.12) and
anaz > lax|([7[ + |ar2)). (4.8)
(v) For (3.3),
an([y1] + an) > |ax|([72] + |ar2]). (4.9)
(vi) For (3.4), (3.13) and
(an + [n11)@2 + [72]) > |ai||az |- (4.10)
(vii) For (3.5),
anaz > ([ + lan (72| + la21]). (4.11)

(viii) For (3.6),

an([yi] +an) > |allaal, anaxn > |an|(|ax] + [720) (4.12)
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and
laxi| > [72]; (4.13)
or (4.12) and

)

—anilaa| > (laar| + [92DInls - 2[4+ an <0. (4.14)
Proof. (ii) By the same change of variables as for (3.1);, the Jacobian matrix of the

system corresponding to (3.1), becomes

ap e’ daane® /0y /iy
Jl = ] A1) A2 y2 0
= A1d21€ /Q ane
0 alye2r —a

By Theorem 3.2(ii), the solution stays in Q3 for > T and the solution y(t) =
(1(0), y2(1),x3(1)) satisfies y(1) € Q3 ={y € R¥|eV1+eh > g2l > 0} for 1 > T.
By using this and J;, it is easy to check that the logarithmic norm yl(lem) is negative
in Q3 if

¥y

N ol am Pl am (4.15)

ap 21 |aiz] 2 /2

We can choose /; > 0 (i =1,2) satisfying the above for each o > 0 under assumption
(4.6). In fact, by (4.6), it is possible to choose 4,/4; satisfying

_M g g < min{_azz,_azz}_
apy A1 |6112| \V|

Denote such a value of Ay/A; as k£ and the second inequality of (4.15) becomes
Iy[/A < o < — axn/(kl)). By changing the value of ; from 0+ to + oo, the o can
take any positive number. This shows (ii).

(iii) Similarly, we have for (3.2);, the Jacobian matrix

a”e"]y] )vzalzeizyz//l] 0 )///ll
By /llame;"y‘/iz azzeb” 0 0
Jl == ;
oaAre™ 0 —a 0
0 0 o —o

By Theorem 3.2(iii) and (3.11), the solution y(¢) satisfies y(¢) € Qi:{y e R > ¢,
xii) >0, (i=1,2)} for t > T (where T is sufficiently large). The logarithmic norm

. L. =4,
/11(]12[2]) is negative in 2 if
sup{ane)"y‘ + ane” + ot)qeilyl} <0,
sup{ane)"y‘ —a+ Alay |eA‘y‘/12 +oa} <0,

Sup{a1167~1y1 _ (Z+)»1|£121|€/11y1//12 +a/~”e)~1y1} <0,
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sup{azge)'zyZ —o+ o+ )»2|a12|eby2//1]} <0,

an|e™ /iy + /2 } <0,

sup{azge)'zy2 —o+ Ay
sup{—a —a + |y|/41} <O.

. =4 1y , .
Owing to Qy, (now we have each e*’ > ¢, not M 4 eh)2 > ¢ as in ng), the above
inequalities are satisfied if
b _ an Y an  |ax|
, .
A la|” A s 2

It is easy to check that we can choose 4; > 0 (i = 1,2) satisfying the above for each
o under (4.7). Note that (4.7) is equivalent to

Iy +an <0, —lanl|/(Jy| +an) < — axn/|a|.

The remaining (iv)—(viii) can be proved similarly and we just give each Jacobian
matrix and the condition for its logarithmic norm to be negative.

For (3.2),,
ayeh )uzalzeim/il 0 /A4
2 /llame;“y‘/),z azzeb” 0 0
Jz - B
0 adye’ 2 -0 0
0 0 o —o
A ar ay app
—>——| |, @<o¢<— _ |.
;»1 aly A )uz )\,1
For (3.3),
aje™ Iaan€™ [l sl 12/
3 /11&216‘)""}'/}“2 azzeb” 0 0
J - R 5
Aroe™ /23 0 —o 0
0 Blae™?? 0 —B

|V1\ apy |a21| |V2| ax \6112|
T <a< p 1 /3, <p< /12 A

For (3.4),

ap et Joane™2/iy yidsfl 0
A ilame)"y‘/}a are” 0 V2/22
| Laen, 0 w0 |
0 Bine 0 —B

1], air |ax| |V2| an |an|
LLAE — 2 .
}VI pn<a< ;\,1 }2 3, ﬁ /'{2 ;”1
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For (3.5),
ap e’ Jaie® /2y 0 V1/%
s Jrazi eV )y axe™” 1243/4 0
= )vloceily‘//h 0 —o 0 ’
0 Blae™? 0 —B

|V2 . a |6121| ) |”/1| an \6112|
—h<a< |- ——F A, —<p<|(—"F-——].
PR e K PN

For (3.6),

ajjeh Jaane®”ly yidafiy 0
6 Jrane" /1, aye” 0 V2/%2
J - N E)
Aoe™ 23 0 —o 0
Biyeh 0 0 -B
o ai |V1| aj |6121|
— <—-——, ““h<oa<|———-— A
RtP<-75 A< ( W oh )
|V2\ ai |6121| 2 an
R - = -, -/
A2 B A A2 A laiz|

Here we chose new variables y; = (Inx;)/4; (i = 1,2), y3 = xﬁl)/h for systems
(3.3)-(3.6).

5. Discussion

Let us consider Example 3.2 again. The parameters satisfy (a.2) in Theorem 3.1 and
(4.5) in Theorem 4.1. Hence, for system (3.1); with these parameters, the solutions are
bounded by Theorem 3.1 and the system has no periodic solutions by Theorem 4.1.

Now let us consider another (3.1); with a;=—1, ap=—1, as1=-2, y=-2, e =
4, e;=3 (i=1,2). Since they satisfy (a.2) in Theorem 3.1, the solution is bounded for
any o > 0. Since (4.5) is not satisfied, Theorem 4.1 cannot exclude the possibility of
the existence of periodic solutions for (3.1);. In fact, the following shows that (3.1);
has a periodic solution for some o > 0. The Jacobian matrix evaluated at £, =(1,1,1)
is given by
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Fig. 3. A periodic solution for (3.1); with aj; =axn =—1, ap=—1, ay1=-2, y=-2, ¢ =4, e =3
and o = 0.275. (a) the trajectory with the initial value (0.989,1.04,1), very close to E+ = (1,1,1), for
t € [0,100000]; (b) the trajectory with the initial value (1.2,0.5,1.2) for # € [0,100000]; (c) the trajectory
with the same initial value as (b) but for # € [100000, 1100000].

Since ag=2+a >0, ay =4x— 1, a, =u (see Section 3) and aga; — a, = 40> + 60 — 2,
for system (3.1);, E, is locally asymptotically stable for oo > (/17 —3)/4 and unstable
for o < (v/17—3)/4. Choose «=0.275. Fig. 3 shows that (3.1), has a periodic solution
by Hopf bifurcation.

Appendix
The definition of the second additive compound matrix can be found in [5]. Let
A =(a;;) be an m X m matrix. For m = 2,3,4 its second additive compound matrix is

m=2:

ayy + axn = tr(4).
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m=3:
ap; +an a —ap
asn ap +as; ap
—az; as ax + as;
m=4:
ai + axn an ax —a —aiy 0
az ay + ass az4 ap 0 —ai4
as as ayy + as 0 ap aps
—azy asy 0 axp + as; azq —a4
—ay 0 as as3 ax + s a3
0 —ay; as —agp asp a3 + au
References

[1] E. Beretta, V. Capasso, F. Rinaldi, Global stability results for a generalized Lotka—Volterra system with
distributed delays: applications to predator—prey and to epidemic systems, J. Math. Biol. 26 (1988)
661-688.

[2] E. Beretta, F. Solimano, A generalization of Volterra models with continuous time delay in population
dynamics: boundedness and global asymptotic stability, SIAM J. Appl. Math. 48 (1988) 607-626.

[3] E. Beretta, Y. Takeuchi, Global stability of single-species diffusion Volterra models with continuous
time delay, Bull. Math. Biol. 49 (1987) 431-448.

[4] H.I. Freedman, P. Waltman, Persistence in models of three interacting predator—prey populations, Math.

Biosci. 68 (1984) 213-231.

Y. Li, S. Muldowney, On Bendixon’s criterion, J. Differential Equations 106 (1993) 27-39.

M.Y. Li, L. Wang, A criterion for stability of matrices, J. Math. Anal. Appl. 255 (1998) 249-264.

N. MacDonald, Time Lags in Biological Models, Springer, Berlin, 1978.

H.L. Smith, P. Waltman, The Theory of the Chemostat: Dynamics of Microbial Competition, Cambridge

University Press, Cambridge, 1995.

[9] F. Solimano, E. Beretta, Existence of a globally asymptotically stable equilibrium in Volterra models
with continuous time delay, J. Math. Biol. 18 (1983) 93-102.

[10] Y. Takeuchi, Global Dynamical Properties of Lotka—Volterra Systems, World Scientific, Singapore,
1996.

[11] A. Worz-Busekros, Global stability in ecological systems with continuous time delay, SIAM J. Appl.
Math. 35 (1978) 123-134.

[5
[6
[7
[8

[l S|



