Wave trains bifurcating from Poiseuille flow in viscous

compressible fluid
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1. Introduction
e p=p(z,t), v=(vi(z,t), - ,0"(z,t)), t >0,z € R" (n>2).
Op + div (pv) = 0,
{ p(Orv + v - V) — pAv — (u+ @' )Vdive + VP(p) = pg.
e P = P(p): pressure; smooth in p,
P'(p.) >0 for a constant p. >0

e 11, i/: const's,
p >0, zu +4u' >0
n

e g: external force

e Quasilinear hyperbolic-parabolic system
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Infinite Layer

o Yy ={x= (2" 1,);2 = (21, ,2n1) ER" L, 0< 2, <}

T {xn = E}

Lo

{zn =0}

e B.C.:
Vig,=0,4 = 0.
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Parallel Flow
e g=(g'(r,),0,---,0,¢g"(x,)); bounded smooth

e (B.C) v]s,—0¢ =0

{zn =1}

! g
Lo 7N . 0]

= 3 smooth stationary flow us(x,) = (ps(zn), vs(xn)):

. 1 [
int pula) >0, / pa(n) dzn = po,

vs = (v}(2,),0,---,0)

Compressible Navier-Stokes equation
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Esg.

plane Couette flow

.g:Ov

o v‘ﬂfn:e = (Vlvoa T 7O)r v‘xn=0 =0

1
Ty, —> {xn =1}
ps = ps >0,
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Poiseuille flow

e g=1(g"0,---,0) (9" = const. # 0)

{zn =10}

{zn =0}
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3. Stability of Poiseuille flow under incompressible perturbations

e Incompressible Navier-Stokes equation:

dive =0,
P« (O +v - Vo) — pAv + Vp = p.g.

e w = v — vg: perturbation

divw = 0,
Ow — vVAw + v, - Vw + w - Vug +w - Vw + Vp = 0.

e Unconditional stability: Reynolds number R = 1 (R = ”*l#)

R<3Ro, = |w(t)|pz <e % wql|p2.

( Energy method + Poincaré inequality)
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Poiseuille flow

{xn = [}

{zn = 0}

Ps = Px;

1
Vg = (p;Z Tn(l—24,),0,- - 70) )

Incompressible case: Orszag (1971) 3R, ~ 5772 s.t. R = %,

R < R, = exponentially stable under small perturbations
R > R. = unstable
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4. Stability of Poiseuille flow under compressible perturbations

e g=1(g"0,---,0) (g" = const. # 0)

{zn =1}

{xn = O}

1
Vg = <p*g xn(gixn),(L ’0> .
m
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. Equations for Perturbation

e Non-dimensionalization

{ .
x =Lz, t = —t, v=Vy0, p= pp, P:p*VO2

Vo

1(2
Vo = P9
I
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e .= 1,05 vy = (v}0,--,0), vl = %xn(l—xn)

o u(t) = (6(t), w(t)) = (v*(p(t) — 1),v(t) — vs): perturbation
O+ 030z, ¢ +y7divew = f°,
(2) Oyw — vAw — vVdivw + Vo

1 1
—7%¢61 + 0,0, w4+ w" 0y, voer = f,

ee; = "(1,0,---,0), f° f : nonlinearities
_ V/P(p) _ o Sty — .| — e=gl?
YV =Y%v— V=150 V= 16w V = max[Us| = B8

1 1
e R = —: Reynolds number, M = —: Mach number
16v 8y

e 5 0=Q,
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Q=A{z= (" an);2" = (21,

JTno1) ERL 0< 2, <1}

{xn = 1}

{"Tn = 0}

e Boundary condition:

e Initial condition:

Yoshiyuki Kagei (Kyushu University)

Wlg, =01 =0,

(¢, w)|t=0 = (¢0, wo).

Compressible Navier-Stokes equation

2015 4 11 A 14 H



4-1. Stability under spatially periodic perturbations

looss—Padula (1998): Linear stability of parallel flow in a cylindrical domain under
spatially periodic perturbations

° Opu+ Lu =0, ult—g = ug.

e Structure of the spectrum of the linearized operator :

o(—=L)N{\;Re A > —c} = {finite number of eigenvalues}

finite number of eigenvalues

x with finite multiplicities
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4-2. Stability under local perturbations (non-periodic, decaying at infinity)

Theorem 1 (Y.K., 2012)
v>3uy>0,v7> 3y >0 (ie, R<IRy, M < 3IMy),

lwoll(mnry) <1 (m > [n/2] +1),

= n—1
[u®)l|2@) = OF™ T) (¢ = 0)

() — o(8)u @] g2y = O *T ~Enu(t))  (t = o0),

where u(©) = 4 (z,,); 0 = o(2/, t):

n>3: 5}0fmaglaf/s”A”UJralﬁzla:0, Olt=0 = fol oo(2', ) day,

A"=02, +--+03 ,, mm(t)=1(n=4), n3(t) =log(1+1)

1
n=2: 0o — 518310 + 10,0 + a20,,(0%) =0, 0lt—0 = fo oo(x1, T2) dzo,

na(t) = t° (V6 > 0).
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5. Instability of Poiseuille flow (joint work with T. Nishida)

e 2D spatial-periodic perturbations (2Z-periodic in 1)

T T

Qo= [-2.5) x (0.1)

o «

Linearized Problem

Ou+Lu=0, u= (¢>

w

e Linearized operator L on L?(£2,)

10, 2div 0 0
L= + ,
V. —vA—pVdiv —Ler vi0. + (0s,vl)eres

,72

={u= ) € L*(Qa) : w € Hj per (), Lu € L*(Q) } -

Here e; = "(1,0), ea = 7(0,1) € R%
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Theorem 2 (T. Nishida - Y.K., 2014)

There are constants o > 0, 79 > 0 such that if a < rg, then
o(—=L)N {)\ eC: |\ 770} ={dam: |m=0,1,--- ,m}

for some m; € N. Here A\, are simple eigenvalues of —L;
as |am| — 0,

Aa,m = —%am + roa®m? + O(Jam/|?),
1 1 9 v ,
= — —_— — P — 3
w0 = 15, | (559 =) 3072( v+/)

Therefore, if

1 1
2 2 2 /
d 30y 3v +
T < 280 an (280 7 ) > vy +v),

then kg > 0 and Poiseuille flow is unstable.
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Remark 1
1

Instability condition: Reynolds number R = 1z, Mach number M = %

35 1 1 M2 /3 1
M>\/—~2.09, > (=4 =,
8 35 8M2 "~ 15R (R + R’>

For example, if

173 1 > o
M = 25, R = TG ~ 1081, ﬁ = 7& (l.e., l// = 7?),

then instability condition is satisfied, and plane Poiseuille flow is unstable.

Remark 2

e Incompressible case:

Orszag (1971) : Critical Reynolds number R. ~ 5772

R < R. = stable under small perturbations
R > R. = unstable
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6. Bifurcating traveling waves (Wave Trains) (joint work with T.Nishida)

2D flow: © = (21, 2), 2=-periodic in 21, 0 < x5 < 1

em==+1 )
i
A1 = $6a + ko + O(|af?),
1 1 9 v
= — _— —_—_— 3 /
w0 = 1o, | (555 =) 3072( v+)
L 0% fixﬁ—72>0
e Ju; > 0 such that kg < 0 for v =11 and Re Ay +1 < 0.

o v decreases from vy, then A\, 11 cross the imaginary axis at some v = vy.
e v: Bifurcation parameter

Notation:
)\a,:lzl = )\a,:i:l(V)7 L= Lu'

e For each 0 < v < 1, there exists 15 > 0 such that
v>1y < Redy11(v) <O0;

v=1vy < Rely11(rp) =0;
v<vy & Rely1(v) >0.
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Assumption:

o(=Luy) N X ReA = 0} = {Aa 1 (0), Aama (v0)}- (1)

Theorem 3 (T. Nishida - Y.K., 2015)

Assume that (1) holds true. Then there is a solution branch {v,u} = {ve, u.}
(le] < 1) such that

ve =1 + O(e),

Ue = uc(T1 — Cet, @2),  ue(w1 4+ 2, 22) = uc(21,22),
1

Ue(x1,22) =€ ﬁxz(l — x2) % cos axy (1 + O(a)) + O(e?),
0

7577 COS a(z1 —ct)(1+ O0(a)) + O(e?),

p(z,t) =1+

ole.t) = (220572)) 1+ g cosalen - )1+ 0() + O,
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looss and Padula showed that, for each v, there exists a positive number A such
that the set

o(—=L,)N{\;ReX > —A}

consists of a finite number of eigenvalues with finite multipilicities. Therefore, it
seems very unlikely that assumption (1) does not hold true.
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