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1. Model:  1.1: A standard virus dynamics 
 Nowak and Bangham , Nelson and Perelson 
     
      �̇� (t) = s − d𝑥(t) −𝛽𝑥(t) 𝑣(t) 
     �̇�(t) =𝛽𝑥(t) 𝑣(t) − p𝑦(t)                             (1.1) 
     �̇� (t) =𝑘𝑦 𝑡 − 𝑢𝑣 𝑡  
 
• 𝑥(t) : the concentration of uninfected cells,  
• 𝑦(t) : the concentration of infected cells that produce virus,  
• 𝑣(t) : the concentration of viruses 
• s(s > 0) : the rate at which new healthy cells are generated.  
• d(d > 0) : the death rate of uninfected cells  
• 𝛽(𝛽> 0) : the rate constant characterizing infection of the cells 
• p(p > 0) : the death rate of the infected due either to virus or immune  
• 𝑘(𝑘 > 0): virsus production rate from the infected cells 
• u(u > 0) : the rate at which virus particles are removed from the system. 



1.2:   a nonlinear infection rate 
     �̇� (t) = s − d𝑥(t) −𝛽𝑥(t) 𝑣(t) 
     �̇�(t) =𝛽𝑥(t) 𝑣(t) − p𝑦(t)                             (1.1) 
     �̇� (t) =𝑘𝑦 𝑡 − 𝑢𝑣 𝑡  
 

𝛽𝑥(t) 𝑣(t)                  g(x(t); v(t)) =𝛽𝑥(t) 𝑣(t) 
1+𝛼𝑥(t)  (𝛼 ≥ 0) 

 
   �̇� (t) = s − d𝑥(t) −g(x(t); v(t)) 
   �̇�(t) = g(x(t); v(t)) − p𝑦(t)  
   �̇� (t) =𝑘𝑦 𝑡 − 𝑢𝑣 𝑡  
            ★ 𝛼=0 ： g(x(t); v(t)) =𝛽𝑥(t) 𝑣(t)   



1.3:   latent period between the time target cells are 
infected and the time infected cells start producing virus. 

     �̇� (t) = s − d𝑥(t) − 𝛽𝑥(t) 𝑣(t) 
1+𝛼𝑥(t)      

     �̇�(t) =𝑒−𝑑τ 𝛽𝑥(t−τ) 𝑣(t−τ) 
1+𝛼𝑥(t−τ)  − p𝑦(t)          (1.2) 

     �̇� (t) =𝑘𝑦 𝑡 − 𝑢𝑣 𝑡  
 
• 𝑒−𝑑τ: the survival probability of infected cells 

during the latent period τ. 



1.4:  activation rate of CTLs response at time t may 
depend on the population of antigen at time t −𝜔 

     �̇� (t) = s − d𝑥(t) − 𝛽𝑥(t) 𝑣(t) 
1+𝛼𝑥(t)      

     �̇�(t) =𝑒−𝑑τ 𝛽𝑥(t−τ) 𝑣(t−τ) 
1+𝛼𝑥(t−τ)  − p𝑦(t) −𝑎𝑦 𝑡 𝑧 𝑡   

   �̇� (t) =𝑘𝑦 𝑡 − 𝑢𝑣 𝑡                                          (1.3) 
     �̇� 𝑡 = 𝑓 𝑦𝑡 , 𝑧𝑡 − 𝑏𝑧 𝑡  
 
𝑧 𝑡  : the population of CTLs, 
 
• Case I : 𝑓 𝑦𝑡 , 𝑧𝑡  = 𝑐𝑦 𝑡 − 𝜔 𝑧 𝑡 − 𝜔           (1.4) 
   antigenic stimulation generating CTLs needs a period of time 𝜔 
 
• Case II : 𝑓 𝑦𝑡 , 𝑧𝑡  =𝑐𝑦 𝑡 − 𝜔 𝑧 𝑡                      (1.5) 
    immune system needs some time 𝜔 to develop a suitable 
    response after the recognition of non-self cells. 
 
 
 
 



2: Equilibria and stability of model without delay 

     �̇� (t) = s − d𝑥(t) − 𝛽𝑥(t) 𝑣(t) 
1+𝛼𝑥(t)   ,  �̇�(t) =𝛽𝑥(t) 𝑣(t) 

1+𝛼𝑥(t)  − p𝑦(t) −𝑎𝑦 𝑡 𝑧 𝑡   

   �̇� (t) =𝑘𝑦 𝑡 − 𝑢𝑣 𝑡  ,                 �̇� 𝑡 = 𝑐𝑦 𝑡 𝑧 𝑡 − 𝑏𝑧 𝑡      (2.1) 
 
an infection free equilibrium E0 = (x0; 0; 0; 0), where x0 = s/d, 
 
an immune free equilibrium  E1 = (x1; y1; v1; 0) when 𝑅𝑅>1 

𝑥𝑥 =
𝑝𝑢

𝑘𝛽 − 𝛼𝑝𝑢
, 𝑦𝑥 =

𝑠𝛼 + 𝑑 𝑢
𝑘𝛽 − 𝛼𝑝𝑢

𝑅𝑅 − 𝑥 , 𝑣𝑥 =
𝑠𝛼 + 𝑑 𝑘

𝑘𝛽 − 𝛼𝑝𝑢
𝑅𝑅 − 𝑥  

     

  𝑅𝑅 = 𝑠𝑘𝛽
𝑠𝛼+𝑑 𝑝𝑢

: basic reproductive number of viruses 



immune presence  equilibrium  
 E* = (x*; y*; v*; z*) when 𝑅𝑥>1 

 �̇� (t) = s − d𝑥(t) − 𝛽𝑥(t) 𝑣(t) 
1+𝛼𝑥(t)   ,  �̇�(t) =𝛽𝑥(t) 𝑣(t) 

1+𝛼𝑥(t)  − p𝑦(t) −𝑎𝑦 𝑡 𝑧 𝑡   
  �̇� (t) =𝑘𝑦 𝑡 − 𝑢𝑣 𝑡  ,              �̇� 𝑡 = 𝑐𝑦 𝑡 𝑧 𝑡 − 𝑏𝑧 𝑡      (2.1) 
 

𝑥∗ =
2𝑠

(𝑑 − 𝑏𝑘𝛽
𝑐𝑢 − 𝛼𝑠)2+4𝛼𝑑𝑠 + (𝑑 − 𝑏𝑘𝛽

𝑐𝑢 − 𝛼𝑠)
 

                                      𝑦∗ = 𝑏/𝑐,   𝑣∗ = 𝑏𝑘/𝑐𝑢,  𝑧∗ = 𝑐 𝑠 − 𝑑𝑥∗ /𝑎𝑏 − 𝑝/𝑎 
 

𝑅𝑥 = 𝑅𝑅 −
𝑏 𝑘𝛽 − 𝛼𝑝𝑢

𝑠𝛼 + 𝑑 𝑐𝑢
> 𝑥 

↔ 𝑥 < 𝑐𝑦1/𝑏:basic immune reproductive number  
 

                     𝑅𝑅 = 𝑠𝑘𝛽
𝑠𝛼+𝑑 𝑝𝑢

: basic reproductive number of viruses 



2.1:  global stability of the ODEs model  
Theorem 1 (i) When R0 ≤1, E0(x0; 0; 0; 0) is GAS; 
(ii) When R0 > 1 ≥ R1, E1(x1; y1; v1; 0) is GAS; 
(iii) When R1 > 1, E*(x*; y*; v*; z*) is GAS. 
 
Proof. (i) Lyapunov function 

𝑉1 = 𝑥 − �
𝑥𝑅

𝑥 + 𝛼𝑥𝑅

𝑥

𝑥0

𝑥 + 𝛼𝛼
𝛼

𝑑𝛼 + 𝑦 +
𝑝
𝑘

𝑣 +
𝑎
𝑐

𝑧 

                             𝑑𝑉1(𝑡)
𝑑𝑡

= − 𝑑
𝑥 1+𝛼𝑥0

𝑥 − 𝑥𝑅  2 + 𝑝𝑢
𝑘

𝑅𝑅 − 𝑥 𝑣 − 𝑎𝑎
𝑐

𝑧 
(ii) Lyapunov function 

𝑉2 = 𝑥 − �
𝑥𝑥

𝑥 + 𝛼𝑥𝑥

𝑥

𝑥1

𝑥 + 𝛼𝛼
𝛼

𝑑𝛼 + 𝑦 − 𝑦𝑥𝑦𝑦
𝑦

𝑦𝑥
+

𝑝
𝑘

(𝑣 − 𝑣𝑥𝑦𝑦
𝑣

𝑣𝑥
) +

𝑎
𝑐

𝑧 

           𝑑𝑉2(𝑡)
𝑑𝑡

= − 𝑑
𝑥 1+𝛼𝑥1

𝑥 − 𝑥𝑥  2 

                           +𝑝𝑦𝑥 3 − 𝑥1 1+𝛼𝑥
𝑥 1+𝛼𝑥1

− 𝑥𝑦1𝑣 1+𝛼𝑥1
𝑥1𝑦𝑣1 1+𝛼𝑥

− 𝑦𝑣1
𝑦1𝑣

+ 𝑎𝑧 𝑦𝑥 − 𝑎
𝑐

 
                       
                      arithmetical mean ≥  geometrical mean                     
                       R0 > 1 ≥ R1 ↔ 𝑥 > 𝑐𝑦1/𝑏 
 



Theorem 1   (iii) When R1 > 1, E*(x*; y*; v*; z*) is GAS. 

Proof. (iii) Lyapunov function 

𝑉3 = 𝑥 − �
𝑥∗

𝑥 + 𝛼𝑥∗

𝑥

𝑥∗

𝑥 + 𝛼𝛼
𝛼

𝑑𝛼 + 𝑦 − 𝑦∗𝑦𝑦
𝑦
𝑦∗

+
𝑝 + 𝑎𝑧∗

𝑘
(𝑣 − 𝑣∗𝑦𝑦

𝑣
𝑣∗) +

𝑎
𝑐

(𝑧 − 𝑧∗𝑦𝑦
𝑣
𝑧∗) 

            

 𝑑𝑉3(𝑡)
𝑑𝑡

= − 𝑑
𝑥 1+𝛼𝑥∗ 𝑥 − 𝑥∗  2 

                       
+ (𝑝𝑦∗ + 𝑎𝑦∗𝑧∗) 3 − 𝑥∗ 1+𝛼𝑥

𝑥 1+𝛼𝑥∗ − 𝑥𝑦∗𝑣 1+𝛼𝑥∗

𝑥∗𝑦𝑣∗ 1+𝛼𝑥
− 𝑦𝑣∗

𝑦∗𝑣
 

  
arithmetical mean ≥  geometrical mean  



Theorem 1 (i) When R0 ≤1, E0(x0; 0; 0; 0) is GAS; 
(ii) When R0 > 1 ≥ R1, E1(x1; y1; v1; 0) is GAS; 
(iii) When R1 > 1, E*(x*; y*; v*; z*) is GAS. 

     

• 𝛽𝑥(t) 𝑣(t)    ↔  g(x(t); v(t)) =𝛽𝑥(t) 𝑣(t) 
1+𝛼𝑥(t)  when 𝛼=0 

 
• Nowak and Bangham model (𝛼=0) :  global stability was proven by 

Kajiwara and Sasaki[12] and Pang  etal [24].  
 

• Theorem 1: nonlinear incidence rate does not affect the stability 
but change the basic reproductive number and the immune 
reproductive number.     

      𝑅𝑅 = 𝑠𝑘𝛽
𝑠𝛼+𝑑 𝑝𝑢

 becomes smaller for𝛼>0. 
 

• Korobeinikov[14,15,16]:  gave a plenty of researches on Lyapunov 
functions and global stability for the ODEs models in vivo with 
nonlinear or bilinear rate recently. The Lyapunov functions in the 
proof of Theorem 1 is similar to Korobeinikov type functions. 



3:  Delay differential equations model 

    �̇� (t) = s − d𝑥(t) − 𝛽𝑥(t) 𝑣(t) 
1+𝛼𝑥(t)      

     �̇�(t) =𝑒−𝑑τ 𝛽𝑥(t−τ) 𝑣(t−τ) 
1+𝛼𝑥(t−τ)  − p𝑦(t) −𝑎𝑦 𝑡 𝑧 𝑡                (3.1) 

   �̇� (t) =𝑘𝑦 𝑡 − 𝑢𝑣 𝑡 ,            �̇� 𝑡 = 𝑓 𝑦𝑡 , 𝑧𝑡 − 𝑏𝑧 𝑡  
                               
                              Case I : 𝑓 𝑦𝑡 , 𝑧𝑡  = 𝑐𝑦 𝑡 − 𝜔 𝑧 𝑡 − 𝜔  
                              Case II : 𝑓 𝑦𝑡 , 𝑧𝑡  =𝑐𝑦 𝑡 − 𝜔 𝑧 𝑡  
 
𝑥(𝜃)=𝜑1(𝜃), 𝑦(𝜃)=𝜑2(𝜃), 𝑣(𝜃)=𝜑3(𝜃), 𝑧(𝜃)=𝜑4(𝜃),   
            for ∀𝜃 ∈ − max 𝜏, 𝜔 , 0                                        (3.2) 
where𝜑 = 𝜑1, 𝜑2, 𝜑3, 𝜑4         
∈ 𝐶+ = {𝜑 = 𝜑1, 𝜑2, 𝜑3, 𝜑4 ∈ 𝐶: 𝜑𝑖 ≥ 0 for ∀𝜃 ∈ − max 𝜏, 𝜔 , 0 } 
𝐶: the Banach space of continuous functions 
                𝜑 : − max 𝜏, 𝜔 , 0 → 𝑅4  with sup-norm 
 



3.1:  Basic Properties of DDE 

Proposition 3.1.  
The solution of system (3.1) exists for all t ≥ 0, and 
each variable is non-negative for every t > 0. 
Moreover, it holds that x(t) > 0 for all t > 0, that y(t) 
> 0 and v(t) > 0 for all t > 0 if y(0) > 0 or v(0) > 0, and 
that z(t) > 0 for all t > 0 if z(0) > 0. 
 
Proposition 3.2.  
There exists a bounded region  𝜴 in the first 
quadrant of R4 such that for each initial condition 
(3.2), there exists a T > 0 such that (x(t); y(t); v(t); 
z(t)) is contained in 𝜴 for all t ≥T. 
 



basic reproductive number and the 
immune reproductive number for DDE 

     �̇� (t) = s − d𝑥(t) − 𝛽𝑥(t) 𝑣(t) 
1+𝛼𝑥(t)      

     �̇�(t) =𝑒−𝑑τ 𝛽𝑥(t−τ) 𝑣(t−τ) 
1+𝛼𝑥(t−τ)  − p𝑦(t) −𝑎𝑦 𝑡 𝑧 𝑡   

   �̇� (t) =𝑘𝑦 𝑡 − 𝑢𝑣 𝑡                                                                (1.3) 
     �̇� 𝑡 = 𝑓 𝑦𝑡, 𝑧𝑡 − 𝑏𝑧 𝑡  
                             Case I : 𝑓 𝑦𝑡, 𝑧𝑡  = 𝑐𝑦 𝑡 − 𝜔 𝑧 𝑡 − 𝜔         (𝑥.4) 
                             Case II : 𝑓 𝑦𝑡, 𝑧𝑡  =𝑐𝑦 𝑡 − 𝜔 𝑧 𝑡                  (𝑥.5) 
 

𝑅𝑅∗ = 𝑠𝑘𝛽𝑒−𝑑𝜏

𝑠𝛼+𝑑 𝑝𝑢
: basic reproductive number of viruses 

𝑅𝑥∗ = 𝑅𝑅∗ − 𝑎 𝑘𝛽−𝛼𝑝𝑢𝑒𝑑𝜏

𝑠𝛼+𝑑 𝑐𝑢
: immune reproductive number  

 



3.2:   Stability analysis of the infection-free equilibrium 

Theorem 2 : If 𝑅𝑅∗ < 1, E0 is LAS in system (1.3) for Case I or II. 
Further, E0 of (1.3) in Case I is GAS for any delay 𝜏 > 0 and 𝜔 > 0    
when 𝑅𝑅∗ ≤ 1. 
 
Proof.   

LAS: (𝜆 + 𝑑) (𝜆 + 𝑏) (𝜆2 + (𝑝 + 𝑢)𝜆 + 𝑝𝑢 − 𝑘𝛽𝑥0
1+𝛼𝑥0

𝑒−𝑑𝜏𝑒−𝜆𝜏)=0 
GAS: Lyapunov functional 

𝑈1 = 𝑒−𝑑𝜏 𝑥 − �
𝑥𝑅

𝑥 + 𝛼𝑥𝑅

𝑥

𝑥0

𝑥 + 𝛼𝛼
𝛼

𝑑𝛼 + 𝑦 +
𝑝
𝑘

𝑣 +
𝑎
𝑐

𝑧 

                   +𝛽𝑒−𝑑𝜏 ∫ 𝑥 𝑡−𝜂 𝑦(𝑡−𝜂)
1+𝛼𝑥(𝑡−𝜂)

𝑑𝛼 + ∫ 𝑎𝑦 𝑡 − 𝛼 𝑧 𝑡 − 𝛼 𝑑𝛼𝜔
0

𝜏
0       

          𝑑𝑈1(𝑡)
𝑑𝑡

= − 𝑑𝑒−𝑑𝜏

𝑥 1+𝛼𝑥0
𝑥 − 𝑥𝑅  2 + 𝑝𝑢

𝑘
𝑅𝑅∗ − 𝑥 𝑣 − 𝑎𝑎

𝑐
𝑧 

 
 
 



3.3:  Stability analysis of the immune-free equilibrium 

Theorem 3 :   If 𝑅𝑥∗ < 1 < 𝑅𝑅∗, E1 is LAS in system (1.3)  for Case I or II. 
 E1 of (1.3) in Case I is GAS for for any 𝜏 > 0 and 𝜔 > 0 when 𝑅𝑥∗ ≤ 1 < 𝑅𝑅∗. 
 
Proof.GAS: Lyapunov functional 

𝑈2 = 𝑉2� + 𝑝𝑦𝑥𝑈+ + � 𝑎𝑦 𝑡 − 𝛼 𝑧 𝑡 − 𝛼 𝑑𝛼
𝜔

0
 

𝑉2� = 𝑒−𝑑𝜏 𝑥 − �
𝑥𝑥

𝑥 + 𝛼𝑥𝑥

𝑥

𝑥1

𝑥 + 𝛼𝛼
𝛼 𝑑𝛼 + 𝑦 − 𝑦𝑥𝑦𝑦

𝑦
𝑦𝑥 +

𝑝
𝑘 (𝑣 − 𝑣𝑥𝑦𝑦

𝑣
𝑣𝑥) +

𝑎
𝑐 𝑧 

                                            𝑈+ = ∫ {𝑥 𝑡−𝜂 𝑦 𝑡−𝜂
1+𝛼𝑥 𝑡−𝜂

1+𝛼𝑥1
𝑥1𝑣1

− 𝑥 − 𝑦𝑦 𝑥 𝑡−𝜂 𝑦 𝑡−𝜂
1+𝛼𝑥 𝑡−𝜂

1+𝛼𝑥1
𝑥1𝑣1

}𝑑𝛼𝜏
0  

𝑑𝑈2(𝑡)
𝑑𝑡

= −
𝑑𝑒−𝑑𝜏

𝑥 𝑥 + 𝛼𝑥𝑥
𝑥 − 𝑥𝑥  2 + 𝑎𝑧 𝑦𝑥 −

𝑏
𝑐

 

                             +𝑝𝑦𝑥(𝑥 − 𝑥1 1+𝛼𝑥
𝑥 1+𝛼𝑥1

+ 𝑦𝑦 𝑥1 1+𝛼𝑥
𝑥 1+𝛼𝑥1

) +𝑝𝑦𝑥(𝑥 − 𝑦𝑣1
𝑦1𝑣

+ 𝑦𝑦 𝑦𝑣1
𝑦1𝑣

) 

+𝑝𝑦𝑥(𝑥 −
𝑦𝑥
𝑦

𝑥 + 𝛼𝑥𝑥
𝑥𝑥𝑣𝑥

𝑥 𝑡 − 𝜏 𝑣(𝑡 − 𝜏)
𝑥 + 𝛼𝑥 𝑡 − 𝜏

+ 𝑦𝑦
𝑦𝑥
𝑦

𝑥 + 𝛼𝑥𝑥
𝑥𝑥𝑣𝑥

𝑥 𝑡 − 𝜏 𝑣(𝑡 − 𝜏)
𝑥 + 𝛼𝑥 𝑡 − 𝜏

) 

 
★𝐻 𝑡 = 𝑥 − 𝑓 𝑡 + 𝑦𝑦𝑓 𝑡 ≤ 0 for ∀ 𝑓 𝑡 > 0, 𝐻 𝑡 = 0 ↔ 𝑓 𝑡 = 𝑥 
 



4:  Dynamical analysis for the interior equilibrium： 
Global stability of the interior equilibrium when 𝜏> 0 and 𝜔 = 0 

  �̇� (t) = s − d𝑥(t) − 𝛽𝑥(t) 𝑣(t) 
1+𝛼𝑥(t) ,    �̇�(t) =𝑒−𝑑τ 𝛽𝑥(t−τ) 𝑣(t−τ) 

1+𝛼𝑥(t−τ)  − p𝑦(t) −𝑎𝑦 𝑡 𝑧 𝑡  

    �̇� (t) =𝑘𝑦 𝑡 − 𝑢𝑣 𝑡 ，         �̇� 𝑡 = 𝑐𝑦 𝑡 𝑧 𝑡 − 𝑏𝑧 𝑡  

 
Theorem 4:   
             If 𝜔= 0 and 𝑅𝑥∗ > 1, E* of (1.3) is GAS any 𝜏> 0.  
 
Remark 2:   
In [32], Zhu and Zou considered the model  for a special 
case 𝛼= 0 (mass action law), and the local stability of the 
interior equilibrium E* is obtained, but its global stability is 
left as an open question.  



Proof of Theorem 4 

𝑈3 = 𝑒−𝑑𝜏 𝑥 − �
𝑥∗

𝑥 + 𝛼𝑥∗

𝑥

𝑥∗

𝑥 + 𝛼𝛼
𝛼

𝑑𝛼 + 𝑦 − 𝑦∗𝑦𝑦
𝑦
𝑦∗ +

𝑝 + 𝑎𝑧∗

𝑘
𝑣 − 𝑣∗𝑦𝑦

𝑣
𝑣∗

+
𝑎
𝑐

𝑧 − 𝑧∗𝑦𝑦
𝑧
𝑧∗ + (𝑝 + 𝑎𝑧∗)𝑈−(𝑡) 

              𝑈− = ∫ {𝑥 𝑡−𝜂 𝑦 𝑡−𝜂
1+𝛼𝑥 𝑡−𝜂

1+𝛼𝑥∗

𝑥∗𝑣∗ − 𝑥 − 𝑦𝑦 𝑥 𝑡−𝜂 𝑦 𝑡−𝜂
1+𝛼𝑥 𝑡−𝜂

1+𝛼𝑥∗

𝑥∗𝑣∗ }𝑑𝛼𝜏
0  

 
𝑑𝑈3(𝑡)

𝑑𝑡
= −

𝑑𝑒−𝑑𝜏

𝑥 𝑥 + 𝛼𝑥∗ 𝑥 − 𝑥∗  2 + (𝑝𝑦∗ + 𝑎𝑦∗𝑧∗)(𝑥 −
𝑦𝑣∗

𝑦∗𝑣
+ 𝑦𝑦

𝑦𝑣∗

𝑦∗𝑣
) 

                             + 𝑝𝑦∗ + 𝑎𝑦∗𝑧∗ 𝑥 − 𝑥∗ 1+𝛼𝑥
𝑥 1+𝛼𝑥∗ + 𝑦𝑦 𝑥∗ 1+𝛼𝑥

𝑥 1+𝛼𝑥∗  

+(𝑝𝑦∗ + 𝑎𝑦∗𝑧∗)(𝑥 −
𝑦∗

𝑦
𝑥 + 𝛼𝑥∗

𝑥∗𝑣∗
𝑥 𝑡 − 𝜏 𝑣(𝑡 − 𝜏)

𝑥 + 𝛼𝑥 𝑡 − 𝜏
+ 𝑦𝑦

𝑦∗

𝑦
𝑥 + 𝛼𝑥∗

𝑥∗𝑣∗
𝑥 𝑡 − 𝜏 𝑣(𝑡 − 𝜏)

𝑥 + 𝛼𝑥 𝑡 − 𝜏
) 

 
       ★𝐻 𝑡 = 𝑥 − 𝑓 𝑡 + 𝑦𝑦𝑓 𝑡 ≤ 0 for ∀ 𝑓 𝑡 > 0, 𝐻 𝑡 = 0 ↔ 𝑓 𝑡 = 𝑥 

Theorem 4:   If 𝜔= 0 and 𝑅𝑥∗ > 1, E* of (1.3) is GAS any 𝜏> 0.  
 



4.1:  Existence of stability switch when 𝜏= 0 and 𝜔 > 0 

     �̇� (t) = s − d𝑥(t) − 𝛽𝑥(t) 𝑣(t) 
1+𝛼𝑥(t) ,     �̇�(t) =𝛽𝑥(t) 𝑣(t) 

1+𝛼𝑥(t)  − p𝑦(t) −𝑎𝑦 𝑡 𝑧 𝑡   
   �̇� (t) =𝑘𝑦 𝑡 − 𝑢𝑣 𝑡  ,                �̇� 𝑡 = 𝑓 𝑦𝑡 , 𝑧𝑡 − 𝑏𝑧 𝑡  
• Case I : 𝑓 𝑦𝑡 , 𝑧𝑡  = 𝑐𝑦 𝑡 − 𝜔 𝑧 𝑡 − 𝜔            
• Case II : 𝑓 𝑦𝑡 , 𝑧𝑡  =𝑐𝑦 𝑡 − 𝜔 𝑧 𝑡  
 
Theorem 5 : (i) For case I, the stability switch happens at E*as 𝜔 
increases from zero when the parameters satisfy 

𝛽𝑎𝑘(2𝑝+𝑎𝑧∗)
𝑐𝑢(1+𝛼𝑥∗)

< 𝑑𝑎𝑧∗. 
(ii) For case II, the stability switch happens at E* as 𝜔 increases from 
zero for almost parameters. 
 
Remark  
Li and Shu [18]: a mathematical model of CTL response to HTLV-I infection, which is 
similar to a special case of our model (1.3) (𝛼=0) with case I. 
• Explicit simulation given in [18] describes the coexistence of stable periodic 

solutions for the same 𝜔. 



5. Numerical simulations 

• fix the parameter values as  
 s = 10.0;d = 0.1;𝛽 = 0.2;𝛼 = 0.01; p =0.02; 
 a = 10.0;b = 1.0;c = 0.5;k = 1.0;u = 1.0  
• change two delays 𝜏 and 𝜔. 
• fix the initial values as constant  
      x(𝜃) = 20;y(𝜃) = 1;v(𝜃) = 0.1; z(𝜃) =0.1    
             for 𝜃 ∈ − max 𝜏, 𝜔 , 0 } 
 



Theorem 4:  for the infection process without 
immune activation delay (𝜔=0) but with 
intracellular delay 𝜏, E* is GAS when it exists.  
• However 
𝑅𝑅∗ = 𝑠𝑘𝛽𝑒−𝑑𝜏

𝑠𝛼+𝑑 𝑝𝑢
: basic reproductive number of viruses 

𝑅𝑥∗ = 𝑅𝑅∗ − 𝑎 𝑘𝛽−𝛼𝑝𝑢𝑒𝑑𝜏

𝑠𝛼+𝑑 𝑐𝑢
: immune reproductive number  

decreasing functions for 𝜏 < 1
2𝑑

𝑦𝑦 𝑐𝑘𝑠𝛽
𝑎𝛼𝑢𝑝2 

• If 𝜏 is large enough, the interior equilibrium 
would disappear and the load of virus would 
become zero. 



𝐹𝐹𝐹. 𝑥:  impact of the intracellular delay 
𝜔=0,   𝜏 = 0;   5.0;  𝑥𝑅.0;  53.0  

★ E* is GAS for 𝜏 = 0;  5.0; 𝑥𝑅.0：E1 is GAS for 𝜏 = 53.0． 

★ 𝑧∗ is decreasing with respect to 𝜏. 



𝐹𝐹𝐹. 2: Comparison Case I (black) and Case II(red)  
when 𝜏= 0 and 𝜔= 0.57 

★ E* is GAS for Case I.  Periodic solution for Case II. 
Case I : 𝑓 𝑦𝑡, 𝑧𝑡  = 𝑐𝑦 𝑡 − 𝜔 𝑧 𝑡 − 𝜔    : Case II : 𝑓 𝑦𝑡 , 𝑧𝑡  =𝑐𝑦 𝑡 − 𝜔 𝑧 𝑡         



𝐹𝐹𝐹. 3:  immune activation delay 𝜔 for Case I 

Fix 𝜏 = 0 𝜔=0.6 𝜔=0.8 𝜔=0.9 

𝜔=1.0 𝜔=2.5 𝜔=50.0 

Stability switch at a positive threshold 𝜔0 ∈(0.8, 0.9).  
GAS solution changes to an asymptotically stable periodic solution 
with the increasing of 𝜔. 
                Case I : 𝑓 𝑦𝑡, 𝑧𝑡  = 𝑐𝑦 𝑡 − 𝜔 𝑧 𝑡 − 𝜔  

𝑥(𝑡) 
𝑦(𝑡) 

𝑧(𝑡) 



𝐹𝐹𝐹. 4:  immune activation delay 𝜔 for Case II 
Fix 𝜏 = 0 

𝜔=0.5 𝜔=0.54 𝜔=0.53 

𝜔=0.57 𝜔=0.58 𝜔=0.60 

Stability switch also happens when 𝜔 increases from 0.5 to 0.53.  
The time that stability switch happens is earlier in Case II than in I.  
After periodic solutions appear and their amplitudes increase.  
For further increasing of 𝜔, periodic orbit becomes more twisty. 
                       Case II : 𝑓 𝑦𝑡, 𝑧𝑡  =𝑐𝑦 𝑡 − 𝜔 𝑧 𝑡        

0.45 

4 × 𝑥𝑅9 



𝐹𝐹𝐹. 5: the dynamics of the model with two delays 
Fix 𝜏 = 0.5 

𝜔=1.0 

𝜔=0.68 𝜔=0.67 𝜔=0.6 

𝜔=40.0 𝜔=5.0 

CASE I 

CASE II 

delay 𝜏 can prolong the stability switch with respect to 𝜔. 
𝜏= 0: a stability switch occurs at 𝜔 in (0.8,0.9) for Case I and in (0.5,0.53) for Case II. 
𝜏= 0.5, the switch occurs 𝜔> 1 for Case I and 𝜔> 0.6 for Case II.  



Results 
1. the global stability of  the ODEs model  
        when the both delays are  ignored. (By constructing Lyapunov functions) 

 
2. When both delays are included, the global properties are proved by 

using Lyapunov-LaSalle invariance theorem and stability switch by 
bifurcation theory.  

3. Our results show that  
• intracellular delay would not affect the stability of the model. However,  
• the immune activation delay can destabilize the equilibrium and produce 

periodic solutions.  
• The theoretical and numeric analysis give us some useful suggestions on 

new drugs to fight against viral infection  
        
      it is effective for the drugs to prolong the latent period, and/or to reduce 
the activation delay of CTLs immune response and/or to inhibit infection. 



Ａｄｄｉｎｇ Ｄｅｌａｙｅｄ Ａｎｔｉｂｏｄｙ ｒｅｓｐｏｎｓｅ 
： ＨＣＶ 

x v 

Y 

Z 

uninfected cells 

infected cells 

viruses 

cytotoxic T cells (CTLs)  

intracellular latent period 

Immune activation delay 

Ａ Ａｎｔｉｂｏｄｙ 

Immune activation delay 
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