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Introduction

The incompressible Boussinesq equations :

ow+ (v-V)v=vAv—Vq+ e t>0, xeR3
&0 + (v- V)0 = kAO t>0, x e R3,
V-u=0 t>0, xeR3.

@ v = (v1(t, X), v2(t, X), v3(t, X)) : velocity

@ g=q(t, X) : pressure

@ 0 =0(t,x) : temperature, e3=(0,0,1)

Boundary Conditions

@ Rotation :

v — Qe x X (X — o) (QeR)

@ “Stable” Stratification

0 — +oo (X3 —> +0),  — —oco (Xzg—> —)
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Introduction
Rotating Stably Stratified Flow ( Exact stationary solution ) I

vo(X) = Qesx %, On(X) = N2z, gan(X) = (Q2xnl? + NzX%) /2
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Introduction

Rotating Stably Stratified Flow

1a(¥) = Qesx X, () = N?xs, dan(X) = (Q%xl? + N2x3) /2

Perturbation

U(t’ X) = UQ(X) + 5(t’ X)’ Q(t, X) = QN(X) + a(ts X)’ Q(t, X) = QQ,N(X) + q(tv X)

sint cost O

Rotating Coordinate I o(t) =
0 0 1

3(t, X) = O(Q)To(t, O(QD)X),  8(L, X) = 8(t, O(QD)X),  §(t, X) = G(t, O(QL)X),

cost -—sint OJ

The Boussinesq equation for rotating stably stratified fluids

A0+ (- V)b = vAD — V§ + Oz — 2Qe3 X §
0 + (- V)8 = kAG — N33
V-5=0
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Introduction

The Boussinesq equation for rotating stably stratified fluids

ow+ (v-VIv=vAv—-Vg+0es—-Qesxv+g
&0+ (v- V)8 = kA8 — N°vz3 + h
V-v=0
v(0, %) = vo(x),  6(0, x) = bo(x)
v = (vj(t, X))1<j<3 : velocity (around Qe3 x X)
6 = 6(t, X) : temperature (around N?x3)
q = q(t, X) : pressure (around (Qz|xh|2 = Nzxg) /2)
Q € R : angular frequency, N > 0: buoyancy frequency
g = (g;(t, X))1<j<3, h = h(t, x) : Time periodic forces

AIM of this talk

@ Dispersive nature of Rotation & Stable Stratification
@ Application to Time Periodic Problem
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Formulation

Notation:
- T

0 h e s
Qo U= (y, N) € R4, f= (g, N) R4, Vi=(V, O)T

0O -u 0 O
_Q . luxw 0 0 O
cr=g k=10 0 01
0O 0 1 0O
ow+ (v- Vo = vAv—Vq- Qes X v+ 0es + g,
6t9+(v V)8 = kA6 — N%v3 + h,
V-v=0
ow+ (v- Vv = vAv — Vg —uNe; x v+ N(0/N)es + g,
— 6t(9/N) + (v V)(@/N) = kA(/N) — Nus + h/N,
V-v=0
={6tu+(u V)u = diagv, v, v, k}Au - Vg — NJ,u + f,
V-u=0
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Formulation

du+ (u- Vyu = diagv, v, v, k}Au — Vg - NJ,u + f,
V-u=0

), Rj = ~0;(-A) "
u

|
o P: L’RY)* — {ue L2R%)*|V-u=0}
@ Pu=u PVg=0

Applying the Helmholtz projection P gives

du — diag(v, v, v, KJAU + NPJ, Pu + P(u- V)u = Pf,
(B)n § V-u=0,
u(0, X) = up(X).
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Formulation

®) owu — diadv, v, v, k}Au + NPJ, Pu + P(u - g)u = Pf, V.u= 0,
N u(0, X) = up(X).

Eigenfrequencies of

2, g2 2:2\1
GLP$?@ﬂ={ﬂ@f“5+“§),ao}_{'@'oo}

€] €]
= (é1, &2, ué3) )

u
Corresponding Eigenvectors

HEKEE| + 16183,
_ 1 —pé1€3lél + |§:2§3|§;1| _ A
a,(é) Eﬁ@@] 4@+H@ a_(é) = a.(9),
( )Ifl
m@—E«&&O%J bo(€) = E@W
y
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Formulation

Corresponding Eigenvectors

HEKES|E| + 1E1£3]E,] —&>
_ 1 —pé1&3lé] £ 162€31€,] _1ll & by — i( é )
% el FE+Qal | * Tl o | Tl o
G jés

Pjuo i= 7 [(To(8), 8j(9))...3i€)] (i == 0)

Proposition (Linear solution/semigroup on L2(R3))

y=k = 0ANPLE), _ @tAdNDO)p | @B iNDD)IP 1y 4 @BPy,

€4l
G

P.() = =NB.O) £ () = f N F(e) dg
R3

V=0 & £0) 0¢)=0 e (G¢). bo(®))cs =0
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Formulation

Proposition (Linear solution/semigroup on L%(R?))

V=R = et(VA_NPJ“P)UO — evIAeith;,(D) P, Ug + evtAe—ithy(D) P_up + ev’[A PolUo

@ =«=1 (A1)
Q IF R, xR¥H5R*™ st f=V-F (A2)

owu—Au+ NPJ, Pu+P(u- FVV)u =PV.F,
V-u=0,
u(0, X) = up(x).

Integral Equations
Ly == —A + NPJ, P

t —_—
u(t) = eNug + f e IWpY . (F —ueu)(r)dr (IE)
0
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Known Results

Time periodic problem for NS systemin ~ R3

ou+(U-V)u=Au-Vp+V-F
V.-u=0

@ Maremonti (1991)

e teR,, Unigque existence of strong T-periodic sol.
@ Kozono-Nakao (1996)

eteR

t
o u(t) = f e"I2PY . (F —ueu) (1) dr

o F e BCR;L®([R3 N L2R?): small, 1<3q; < g <Ay < o0
Rem. Fa(t,x) := A°F(2%t, %) = [IFa(0)ll 3 = IF(O)Il,

@ Yamazaki (2000)
o F e BC(R;L**(R%)) : small

3
2
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Known Results

@ Geissert-Hieber-Nguyen (2016)
e teR,

t
o u(t) = ®up + f APV . (F —ueu) () dr
0

o F e BC(R,;L#*(R3) : T-periodic, small
= Jlyp € L3RI,
Jlu e BC(R,; L>*(R®)) : T-periodic solution

t
Rem. u(t) = e up + f e () dr, f, u: T-periodic
0
.
U =ut+T) = (d-e ™y = f e T-Af (1) dr
0

IVP problem for rotating stably stratified fluids

@ Babin-Mahalov-Nicolaenko (1999, 2001) T3
@ Charve (2004) R®
@ Koba-Mahalov-Yoneda (2012) R3
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Main Result

PF =P.F + P_F + PoF

Theorem

:o|

@ Assume (Al), (A2) and u = N #0,+1
@ 0< s<} max{z;S 5+23}<}<§
2 37 9 p 3
= 161 = 61(u, S p) > 0, d52 > 0 s.t.
VF € BC(R,: LP®(R3) N L2°(R3)) : T-periodic with

SUpIIP: F(D)lLa + SUpIP-F(Dlle~ < 6N 75,
t>0 >0

SUPIIPOF(t)lng_m < 82
t>0

g € L3*(R3) & Jlu e BC(R,; L>*(R®)) : T-periodic mild solution

mE T (UK BEEFEHFRRR) Rotating Stably Stratified Fluids 2017 %11 B 17 A 13/26



Dispersive Estimates

Dispersive Estimates for  e*itP«(P)

Linear Propagator

et f(x) : = 71O F(9)] (x) = f CR G
R3

@ the phase p,(¢) = il : homogeneous of degree 0

€1

= it suffices to consider the frequency localized case:
U.0109:= [ ex=0 0 fles
R3

where ¢ € .7(R®) satisfying

suppy C {22 <1< 2} & w()=1@'<KI<2)
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Dispersive Estimates

Lemma (Dispersive Estimate)
Yu e R\ {0,+1}, 9C = C(u) > O s.t.

U@ Flle < CL+ 1) 2 il
for Yt € R. Also, the decay rate 1/2 is sharp.

Lemma (LP*-L%* estimate)
peRN{0,£1}, s>0, 1<p<q <2<q<o

[(-a)3e2e N f|| . < Cpgpgt 2F™D7E(L + N2 ) ]| e

|

Remarks

kil _@+8+18)t @+ 8)

o =0 = =
8 €l €l €l
:singularity along {(£1,£2) = 0}
o u=+1 = % = 1 : NO dispersion
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Dispersive Estimates

Theorem (Littman ('63))

@ y e CF(RY), peC (supps;R)
@ rankV2p(¢) > k on suppy
— 3C=C(d,, p) > Osit.

.

The case of rotating fluids  (Koh-Lee-T., '14)

0 pE) == eC¥((22 < el < 2?LR)

<C@+t)?

Ifl
o dorer ()= LD ().
€l e €1

<C@A+t)™t  V(t x) eRYS

o ‘ xEst &3
R3
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Dispersive Estimates

v ('f") R.(€) + My (€)

J

€1
2_ e [ 3G -ER) 3616t
Ru(&) = %[ Beibabs  E£3(385 - IEP)
" £1(365 — 16P) &35 - 1€17)
_ (WP -1)¥s V2 (53)
1€l €1
21 §1§3 flfzgﬁ
M,(€) = e §1§2§3 563
MU\ —8183(E2 + £)  —Eabs(E5 + D)

detv? (

) g2 pér e

€1 EPIENR

£(3¢5 - 1€1%)

z,f1(3efg %) ]
_353(61 + fg)

—§2§3(§1 + £5)

—flfs(fl +£2) ]
(£ +£2)°
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Dispersive Estimates

5 €1 +8)
d tVZ( u) 2 _ p%1T52/53
e~ Y e J

x € C3([0,00)) s.t. x(r) =10n[0,1/2) & x(r) = 0on [1, c0)
O<c< 1l:smallconstant, & :=(£1,42)

3 .
U100 = [ 9 Ouflee = ) 4i01(9
j=1

where

30100 = [ eresm@ {1y (S (BT

20100 = [ ey (D)o fleas

30100 = [ ey () o fteas
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Dispersive Estimates

Degenearte region | : (£1,&2) =0, |&31~ 1

100
010

0 0O

Rﬂ(o’ 0, §3) = M/l (O’ 0, 63) =

|u|€§

Degenearte region Il : & =0, |(£1,&2) ~ 1

2_1 0 0O
R/J(‘fl? 52’ O) = Oa /J(éjla 52, O) 0 0 O
2+ 0 01

1920l <@+ 2Nfll
|2 ]| <CA+DTflls
130l <C@+D20flls
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Linear Estimates

Lemma (Yamazaki (2000))

sup

t —_—
f IRV . F(7) dr
>0 0

< CsuplFl 3.
t>0

L3,oo

By duality, the matter is reduced to the estimate

f IVeellLar dt < Cligll 3. J
0

Note f Vel = dt < Cligll 3 does NOT hold :
0

° f IV ellis dt = Jlellg 2
0 3

0 LERY) & W3R, LIRS ¢ BiR%) - WL3E®D
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Linear Estimates

Lemma (Inhomogeneous estimate)

1
ueR\{0O, 1}, 0<s<§, max{—,

t . —_—
sup f egENEIROT . E(r)drf < CuapN 20578 suplF@)llLee
>0 0 L3 t>0
1 1 S M S 3 300 3 %) 00 .
[Proof] a3 *3 By Wy o (R®) <= L>*(R”) and LP*-L%* estimate,

t
f DAENEIRO)F . E () dr
0

< CSUpllF(t)lle.wf t_z%(l +Nt)"8%3 dt
L3 t>0 0

. 5+2s 1 2
Here, since < —< =,
9 p 3

f 3 (1+ N B dt = N‘1+23pf 3 (1+ )76 dt < oo,
0 0
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Linear T-periodic mild solution

t —~—
u(t) = e g + f e -IWNPY . (1) dr (L)
0

Theorem
@ Assume (Al), (A2)and u # 0, +1

0 0<s<l o f2-s5t2s) 1 2
2’ 309 p 3

— VF e BC(R,; LP®(R3) n L3 (R3)) : T-periodic
g € L3*(R3) & Jlu e BCR,; L3> (R?)) : T-periodic sol. to (L)
Moreover,

supllu(t)fl e < CN2(575) {sup||P+F(t)||Lp,m + supuP_F(t)an,m}
t>0 t>0 t>0

+ C sup||PoF (t)llLpe
t>0
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Linear T-periodic mild solution

[Sketch of Proof]
t —
Jiu(t) = e‘tLNu0+f e -INPY . F(7) dr : T-periodic
0

.
e Jup st. (Id-e ™)y = f e T-IpY . F(r)dr
0

Construction of ug:

T —_—
° G :=f e TINPY . F(7) dr
0

k=1 (k-1)T _
° ac= ) el’G= f e &Iy . F(r) dr
i=1 0

o a:=w' - limac in L3°(R3)

@ Uyp:=a+G
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Linear T-periodic mild solution

Construction of ug

T —_—~
G = f e TPV . F(r) dr
0

k=1 (k-1)T _
°a:= ) ellGg= j; e «TINpY . F(r) dr
j=1

° a:=w'- lima in L>°R3), w:=a+G
ki
Formally, since ay = Z e TG,
=
k-1
(1d — & Tl)ay = Z (e—jTLN B e—(j+1)TLN)G e Thig e KTl
=

= (d-e™™a=e™™G (k— )
= (d-e™)(a+G)=G
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Linear T-periodic mild solution

By the LP®-L%* estimate,

leTTING |6 f e 0TNEY - F ()l dr < Cr % SUPIF(O, 3.

k-1
Hence, ay = Z e ITING is Cauchy seq. in L& (R®).
=1
(k-1)T _
llawll s = [l f e DT=Ilnpy . F(7) dr
0 3.0
< C(L+NT)?supllF()Il 3.
t>0 Lz
da=s- Jim ac (LO°E) =o' - lim ac (L3°@Y) J
w' - lim (1d - e ™a = (1d - e ™a in L) J
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Linear T-periodic mild solution

w' - lim (1d - e TMac = (1d - e in L3R J

Moreover,
(1d - & T™)ay — e THG| 6
= l™¥ TGl o < Crk 3 SUPIF(Il 3., — O (k — o).
t>0
Hence we obtain
@ s— k|im (Id—e ™™g =e TG in L (R3)

o w - lim (1d - e Mg =e ™G in L3*([R3)

(ld-e™™@+G) =G in L>*(R3) J
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