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Introduction

The incompressible Boussinesq equations :
∂tv + (v · ∇)v = ν∆v − ∇q+ θe3 t > 0, x ∈ R3,

∂tθ + (v · ∇)θ = κ∆θ t > 0, x ∈ R3,

∇ · v = 0 t > 0, x ∈ R3.

v = (v1(t, x), v2(t, x), v3(t, x)) : velocity
q = q(t, x) : pressure
θ = θ(t, x) : temperature, e3 = (0, 0, 1)T

.
Boundary Conditions
..

.

. ..

.

.

Rotation :

v −→ Ωe3 × x ( |x| −→ ∞ ) (Ω ∈ R )

“Stable” Stratification :

θ −→ +∞ ( x3 −→ +∞ ), θ −→ −∞ ( x3 −→ −∞ )
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Introduction

Rotating Stably Stratified Flow ( Exact stationary solution )

vΩ(x) = Ωe3 × x, θN(x) = N2x3, qΩ,N(x) =
(
Ω2|xh|2 + N2x2

3

)
/2
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Introduction
.
Rotating Stably Stratified Flow
..

.

. ..

.

.

vΩ(x) = Ωe3 × x, θN(x) = N2x3, qΩ,N(x) =
(
Ω2|xh|2 + N2x2

3

)
/2

Perturbation

v(t, x) = vΩ(x) + v(t, x), θ(t, x) = θN(x) + θ(t, x), q(t, x) = qΩ,N(x) + q(t, x)

Rotating Coordinate O(t) =

 cost − sint 0
sint cost 0

0 0 1


ṽ(t, x) = O(Ωt)Tv(t,O(Ωt)x), θ̃(t, x) = θ(t,O(Ωt)x), q̃(t, x) = q(t,O(Ωt)x),
.
The Boussinesq equation for rotating stably stratified fluids
..

.

. ..

.

.


∂t ṽ + (ṽ · ∇)ṽ = ν∆ṽ − ∇q̃+ θ̃e3 − 2Ωe3 × ṽ
∂tθ̃ + (ṽ · ∇)θ̃ = κ∆θ̃ − N2ṽ3

∇ · ṽ = 0
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Introduction
.
The Boussinesq equation for rotating stably stratified fluids
..

.

. ..

.

.


∂tv + (v · ∇)v = ν∆v − ∇q+ θe3 −Ωe3 × v + g
∂tθ + (v · ∇)θ = κ∆θ − N2v3 + h

∇ · v = 0

v(0, x) = v0(x), θ(0, x) = θ0(x)

v = (v j(t, x))16 j63 : velocity (around Ωe3 × x)

θ = θ(t, x) : temperature (around N2x3)

q = q(t, x) : pressure (around
(
Ω2|xh|2 + N2x2

3

)
/2)

Ω ∈ R : angular frequency, N > 0 : buoyancy frequency

g = (g j(t, x))16 j63, h = h(t, x) : Time periodic forces
.
AIM of this talk
..

.

. ..

.

.

Dispersive nature of Rotation & Stable Stratification

Application to Time Periodic Problem
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Formulation
Notation:

u :=
(
v,

θ

N

)T

∈ R4, f =

(
g,

h
N

)T

R4, ∇̃ := (∇, 0)T

µ :=
Ω

N
, Jµ :=


0 −µ 0 0
µ 0 0 0
0 0 0 −1
0 0 1 0


.

.

. ..

.

.


∂tv + (v · ∇)v = ν∆v − ∇q−Ωe3 × v + θe3 + g,

∂tθ + (v · ∇)θ = κ∆θ − N2v3 + h,
∇ · v = 0

⇐⇒


∂tv + (v · ∇)v = ν∆v − ∇q− µNe3 × v + N(θ/N)e3 + g,

∂t(θ/N) + (v · ∇)(θ/N) = κ∆(θ/N) − Nv3 + h/N,
∇ · v = 0

⇐⇒
{
∂tu+ (u · ∇̃)u = diag{ν, ν, ν, κ}∆u− ∇̃q− NJµu+ f ,
∇̃ · u = 0
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Formulation

{
∂tu+ (u · ∇̃)u = diag{ν, ν, ν, κ}∆u− ∇̃q− NJµu+ f ,
∇̃ · u = 0

.

.

. ..

.

.

P :=


(
δ jk + RjRk

)
16 j,k63

0

0 1

 , Rj = −∂ j(−∆)−
1
2

P : L2(R3)4 −→
{
u ∈ L2(R3)4

∣∣∣ ∇̃ · u = 0
}

Pu = u, P∇̃q = 0

Applying the Helmholtz projection P gives
.

.

. ..

.

.

(B)N


∂tu− diag{ν, ν, ν, κ}∆u+ NPJµ Pu+ P(u · ∇̃)u = P f ,
∇̃ · u = 0,
u(0, x) = u0(x).
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Formulation
.

.

. ..

.

.

(B)N

{
∂tu− diag{ν, ν, ν, κ}∆u+ NPJµ Pu+ P(u · ∇̃)u = P f , ∇̃ · u = 0,
u(0, x) = u0(x).

.
Eigenfrequencies of −PJµ P
..

.

. ..

.

.

σ
[
−P̂Jµ P(ξ)

]
=

±i
(ξ2

1 + ξ
2
2 + µ

2ξ2
3)

1
2

|ξ| , 0, 0

 =
{
±i
|ξµ|
|ξ| , 0, 0

}
ξµ = (ξ1, ξ2, µξ3)

.
Corresponding Eigenvectors
..

.

. ..

.

.

a+(ξ) =
1

√
2|ξh||ξ||ξµ|


µξ2ξ3|ξ| + iξ1ξ3|ξµ|
−µξ1ξ3|ξ| + iξ2ξ3|ξµ|
−i(ξ2

1 + ξ
2
2)|ξµ|

(ξ2
1 + ξ

2
2)|ξ|

 , a−(ξ) = a+(ξ),

a0(ξ) =
1
|ξµ|

(−ξ2, ξ1, 0, µξ3)T , b0(ξ) =
1
|ξ| (ξ,0)T
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Formulation
.
Corresponding Eigenvectors
..

.

. ..

.

.

a± =
1

√
2|ξh||ξ||ξµ|


µξ2ξ3|ξ| ± iξ1ξ3|ξµ|
−µξ1ξ3|ξ| ± iξ2ξ3|ξµ|
∓i(ξ2

1 + ξ
2
2)|ξµ|

(ξ2
1 + ξ

2
2)|ξ|

 , a0 =
1
|ξµ|


−ξ2

ξ1

0
µξ3

 , b0 =
1
|ξ|

(
ξ
0

)

P ju0 := F −1
[⟨

û0(ξ), a j(ξ)
⟩
C4

a j(ξ)
]

( j = ±, 0)

.
Proposition (Linear solution/semigroup on L2

σ(R3))
..
.
. ..

.

.ν = κ =⇒ et(ν∆−NPJµP)u0 = eνt∆eiNtpµ(D)P+u0 + eνt∆e−iNtpµ(D)P−u0 + eνt∆P0u0

pµ(ξ) =
|ξµ|
|ξ| , e±iNtpµ(D) f (x) =

∫
R3

eix·ξ±iNtpµ(ξ) f̂ (ξ) dξ

.
Remark
..

.

. ..

.

.

∇̃ · u0 = 0 ⇐⇒ (ξ, 0)T · û0(ξ) = 0 ⇐⇒ ⟨
û0(ξ), b0(ξ)

⟩
C4 = 0
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Formulation
.
Proposition (Linear solution/semigroup on L2

σ(R3))
..
.
. ..

.

.ν = κ =⇒ et(ν∆−NPJµP)u0 = eνt∆eiNtpµ(D)P+u0 + eνt∆e−iNtpµ(D)P−u0 + eνt∆P0u0

.
Assumptions
..

.

. ..

.

.

...1 ν = κ = 1 (A1)

...2 ∃F : R+ × R3→ R4×4 s.t. f = ∇̃ · F (A2)
∂tu− ∆u+ NPJµ Pu+ P(u · ∇̃)u = P∇̃ · F,
∇̃ · u = 0,
u(0, x) = u0(x).

.
Integral Equations
..

.

. ..

.

.

LN := −∆ + NPJµ P

u(t) = e−tLNu0 +

∫ t

0
e−(t−τ)LNP∇̃ · (F − u⊗ u) (τ) dτ (IE)
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Known Results

Time periodic problem for NS system in R3∂tu+ (u · ∇)u = ∆u− ∇p+ ∇ · F,
∇ · u = 0

Maremonti (1991)
t ∈ R+, Unique existence of strong T-periodic sol.

Kozono-Nakao (1996)
t ∈ R
u(t) =

∫ t

−∞
e(t−τ)∆P∇ · (F − u⊗ u) (τ) dτ

F ∈ BC(R; Lq1(R3) ∩ Lq2(R3)) : small, 1 < ∃q1 <
3
2
< ∃q2 < ∞

Rem. Fλ(t, x) := λ2F(λ2t, λx) =⇒ ∥Fλ(0)∥
L

3
2
= ∥F(0)∥

L
3
2

Yamazaki (2000)
F ∈ BC(R; L

3
2 ,∞(R3)) : small
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Known Results

Geissert-Hieber-Nguyen (2016)
t ∈ R+
u(t) = et∆u0 +

∫ t

0
e(t−τ)∆P∇ · (F − u⊗ u) (τ) dτ

F ∈ BC(R+; L
3
2 ,∞(R3)) : T-periodic, small

=⇒ ∃!u0 ∈ L3,∞(R3),
∃!u ∈ BC(R+; L3,∞(R3)) : T-periodic solution

Rem. u(t) = e−tAu0 +

∫ t

0
e−(t−τ)A f (τ) dτ, f , u : T-periodic

(u(t) = u(t + T)) =⇒ (Id − e−T A)u0 =

∫ T

0
e−(T−τ)A f (τ) dτ

IVP problem for rotating stably stratified fluids

Babin-Mahalov-Nicolaenko (1999, 2001) T3

Charve (2004) R3

Koba-Mahalov-Yoneda (2012) R3
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Main Result

PF = P+F + P−F + P0F

.
Theorem
..

.

. ..

.

.

Assume (A1), (A2) and µ =
Ω

N
, 0,±1

0 < s<
1
2
, max

{
2− s

3
,

5+ 2s
9

}
<

1
p
<

2
3

=⇒ ∃δ1 = δ1(µ, s, p) > 0, ∃δ2 > 0 s.t.

∀F ∈ BC(R+; Lp,∞(R3) ∩ L
3
2 ,∞(R3)) : T-periodic with

sup
t>0
∥P+F(t)∥Lp,∞ + sup

t>0
∥P−F(t)∥Lp,∞ 6 δ1N

3
2

(
2
3−

1
p

)
,

sup
t>0
∥P0F(t)∥

L
3
2 ,∞
6 δ2

∃!u0 ∈ L3,∞(R3) & ∃!u ∈ BC(R+; L3,∞(R3)) : T-periodic mild solution
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Dispersive Estimates

Dispersive Estimates for e±itpµ(D)

.
Linear Propagator
..

.

. ..

.

.

e±itpµ(D) f (x) : = F−1
[
e±itpµ(ξ) f̂ (ξ)

]
(x) =

∫
R3

eix·ξ±it pµ(ξ) f̂ (ξ)dξ

the phase pµ(ξ) =
|ξµ|
|ξ| : homogeneous of degree 0

=⇒ it suffices to consider the frequency localized case:

U±(t) f (x) :=
∫
R3

eix·ξ±it pµ(ξ)ψ(ξ) f̂ (ξ)dξ,

where ψ ∈ S (R3) satisfying

suppψ ⊂
{
2−2 6 |ξ| 6 22

}
& ψ(ξ) = 1 (2−1 6 |ξ| 6 2)
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Dispersive Estimates
.
Lemma (Dispersive Estimate)
..

.

. ..

.

.

∀µ ∈ R \ {0,±1}, ∃C = C(µ) > 0 s.t.

∥U±(t) f ∥L∞ 6 C(1+ |t|)− 1
2 ∥ f ∥L1

for ∀t ∈ R. Also, the decay rate 1/2 is sharp.

.
Lemma (Lp,∞-Lq,∞ estimate)
..

.

. ..

.

.

µ ∈ R \ {0,±1}, s> 0, 1 < p < q′ < 2 < q < ∞∥∥∥(−∆)
s
2 et∆e±iNtpµ(D) f

∥∥∥
Lq,∞ 6 Cµ,s,p,q t−

3
2 ( 1

p−
1
q )− s

2 (1+ Nt)−
1
2 (1− 2

q )∥ f ∥Lp,∞

.
Remarks
..

.

. ..

.

.

µ = 0 =⇒
|ξµ|
|ξ| =

(ξ2
1 + ξ

2
2 + µ

2ξ2
3)

1
2

|ξ| =
(ξ2

1 + ξ
2
2)

1
2

|ξ|
:singularity along {(ξ1, ξ2) = 0}

µ = ±1 =⇒
|ξµ|
|ξ| ≡ 1 : NO dispersion

高田了 (九州大学数理学研究院) Rotating Stably Stratified Fluids 2017 年 11 月 17 日 15 / 26



Dispersive Estimates
.
Theorem (Littman (’63))
..

.

. ..

.

.

ψ ∈ C∞0 (Rd), p ∈ C∞(suppψ;R)

rank∇2p(ξ) > k on suppψ

=⇒ ∃C = C(d, ψ, p) > 0 s.t.∣∣∣∣∣∫
Rd

eix·ξ+itp(ξ)ψ(ξ) dξ
∣∣∣∣∣ 6 C(1+ |t|)− k

2

The case of rotating fluids (Koh-Lee-T., ’14)

p(ξ) =
ξ3

|ξ| ∈ C∞({2−2 6 |ξ| 6 22};R)

det∇2
(
ξ3

|ξ|

)
=

(ξ2
1 + ξ

2
2)ξ3

|ξ|9 , rank∇2
(
ξ3

|ξ|

)
> 2∣∣∣∣∣∫

R3
eix·ξ+it

ξ3
|ξ| ψ(ξ) dξ

∣∣∣∣∣ 6 C(1+ |t|)−1 ∀(t, x) ∈ R1+3
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Dispersive Estimates
.

.

. ..

.

.

∇2
( |ξµ|
|ξ|

)
= Rµ(ξ) + Mµ(ξ)

Rµ(ξ) :=
(µ2 − 1)ξ3

|ξµ||ξ|5

 ξ3(3ξ2
1 − |ξ|2) 3ξ1ξ2ξ3 ξ1(3ξ2

3 − |ξ|2)
3ξ1ξ2ξ3 ξ3(3ξ2

2 − |ξ|2) ξ2(3ξ2
3 − |ξ|2)

ξ1(3ξ2
3 − |ξ|2) ξ2(3ξ2

3 − |ξ|2) −3ξ3(ξ2
1 + ξ

2
2)


=

(µ2 − 1)ξ3

|ξµ|
∇2

(
ξ3

|ξ|

)
,

Mµ(ξ) :=
µ2 − 1
|ξ|3|ξµ|3

 ξ2
1ξ

2
3 ξ1ξ2ξ

2
3 −ξ1ξ3(ξ2

1 + ξ
2
2)

ξ1ξ2ξ
2
3 ξ2

2ξ
2
3 −ξ2ξ3(ξ2

1 + ξ
2
2)

−ξ1ξ3(ξ2
1 + ξ

2
2) −ξ2ξ3(ξ2

1 + ξ
2
2) (ξ2

1 + ξ
2
2)2


.

.

. ..

.

.

det∇2
( |ξµ|
|ξ|

)
= (µ2 − 1)3

(ξ2
1 + ξ

2
2)ξ4

3

|ξ|9|ξµ|3
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Dispersive Estimates
.

.

. ..

.

.

det∇2
( |ξµ|
|ξ|

)
= (µ2 − 1)3

(ξ2
1 + ξ

2
2)ξ4

3

|ξ|9|ξµ|3

χ ∈ C∞0 ([0,∞)) s.t. χ(r) = 1 on [0,1/2) & χ(r) = 0 on [1,∞)
0 < c≪ 1 : small constant, ξh := (ξ1, ξ2)

U±(t) f (x) =
∫
R3

eix·ξ±itpµ(ξ)ψ(ξ) f̂ (ξ)dξ =
3∑

j=1

G j
µ (t) f (x)

where

G 1
µ (t) f (x) :=

∫
R3

eix·ξ±itpµ(ξ)
{

1− χ
(
|ξh|
c

)} {
1− χ

(
|ξ3|
c

)}
ψ(ξ) f̂ (ξ)dξ

G 2
µ (t) f (x) :=

∫
R3

eix·ξ±itpµ(ξ)χ

(
|ξh|
c

)
ψ(ξ) f̂ (ξ)dξ

G 3
µ (t) f (x) :=

∫
R3

eix·ξ±itpµ(ξ)χ

(
|ξ3|
c

)
ψ(ξ) f̂ (ξ)dξ
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Dispersive Estimates

Degenearte region I : (ξ1, ξ2) = 0, |ξ3| ∼ 1

Rµ(0,0, ξ3) =
1− µ2

|µ|ξ2
3

 1 0 0
0 1 0
0 0 0

 , Mµ(0,0, ξ3) = 0

Degenearte region II : ξ3 = 0, |(ξ1, ξ2)| ∼ 1

Rµ(ξ1, ξ2, 0) = 0, Mµ(ξ1, ξ2,0) =
µ2 − 1

ξ2
1 + ξ

2
2

 0 0 0
0 0 0
0 0 1


.
Lemma
..

.

. ..

.

.

∥∥∥G 1
µ (t) f

∥∥∥
L∞
6 C(1+ t)−

3
2 ∥ f ∥L1∥∥∥G 2

µ (t) f
∥∥∥

L∞
6 C(1+ t)−1∥ f ∥L1∥∥∥G 3

µ (t) f
∥∥∥

L∞
6 C(1+ t)−

1
2 ∥ f ∥L1
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Linear Estimates

.
Lemma (Yamazaki (2000))
..

.

. ..

.

.

sup
t>0

∥∥∥∥∥∥
∫ t

0
e(t−τ)∆P∇̃ · F(τ) dτ

∥∥∥∥∥∥
L3,∞
6 C sup

t>0
∥F(t)∥

L
3
2 ,∞

By duality, the matter is reduced to the estimate
.

.

. ..

.

.

∫ ∞

0
∥∇et∆φ∥L3,1 dt 6 C∥φ∥

L
3
2 ,1

Note
∫ ∞

0
∥∇et∆φ∥L3 dt 6 C∥φ∥

L
3
2

does NOT hold :

∫ ∞

0
∥∇et∆φ∥L3 dt ≃ ∥φ∥Ḃ−1

3,1

L
3
2 (R3) ↪→ Ẇ−1,3(R3), L

3
2 (R3) * Ḃ−1

3,1(R3) ↪→ Ẇ−1,3(R3)
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Linear Estimates
.
Lemma (Inhomogeneous estimate)
..

.

. ..

.

.

µ ∈ R \ {0,±1}, 0 < s<
1
2
, max

{
2− s

3
,

5+ 2s
9

}
<

1
p
<

2
3

sup
t>0

∥∥∥∥∥∥
∫ t

0
e(t−τ)∆e±iN(t−τ)pµ(D)∇̃ · F(τ) dτ

∥∥∥∥∥∥
L3,∞
6 Cµ,s,p N−

3
2

(
2
3−

1
p

)
sup
t>0
∥F(t)∥Lp,∞

[Proof]
1
q
=

1
3
+

s
3

. By Ẇs
q,∞(R3) ↪→ L3,∞(R3) and Lp,∞-Lq,∞ estimate,∥∥∥∥∥∥

∫ t

0
e(t−τ)∆e±iN(t−τ)pµ(D)∇̃ · F(τ) dτ

∥∥∥∥∥∥
L3,∞
6 C sup

t>0
∥F(t)∥Lp,∞

∫ ∞

0
t−

3
2p (1+ Nt)−

1
6+

s
3 dt

Here, since
5+ 2s

9
<

1
p
<

2
3

,∫ ∞

0
t−

3
2p (1+ Nt)−

1
6+

s
3 dt = N−1+ 3

2p

∫ ∞

0
t−

3
2p (1+ t)−

1
6+

s
3 dt < ∞.
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Linear T-periodic mild solution

u(t) = e−tLNu0 +

∫ t

0
e−(t−τ)LNP∇̃ · F(τ) dτ (L)

.
Theorem
..

.

. ..

.

.

Assume (A1), (A2) and µ , 0,±1

0 < s<
1
2
, max

{
2− s

3
,

5+ 2s
9

}
<

1
p
<

2
3

=⇒ ∀F ∈ BC(R+; Lp,∞(R3) ∩ L
3
2 ,∞(R3)) : T-periodic

∃!u0 ∈ L3,∞(R3) & ∃!u ∈ BC(R+; L3,∞(R3)) : T-periodic sol. to (L)

Moreover,

sup
t>0
∥u(t)∥L3,∞ 6 CN−

3
2

(
2
3−

1
p

) {
sup
t>0
∥P+F(t)∥Lp,∞ + sup

t>0
∥P−F(t)∥Lp,∞

}
+C sup

t>0
∥P0F(t)∥Lp,∞
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Linear T-periodic mild solution

[Sketch of Proof]
.

.

. ..

.

.

∃!u(t) = e−tLNu0 +

∫ t

0
e−(t−τ)LNP∇̃ · F(τ) dτ : T-periodic

⇐⇒ ∃!u0 s.t. (Id − e−T LN)u0 =

∫ T

0
e−(T−τ)LNP∇̃ · F(τ) dτ

Construction of u0:

G :=
∫ T

0
e−(T−τ)LNP∇̃ · F(τ) dτ

ak :=
k−1∑
j=1

e− jT LNG =
∫ (k−1)T

0
e−(kT−τ)LNP∇̃ · F(τ) dτ

a := w∗ − lim
k→∞

ak in L3,∞(R3)

u0 := a+G
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Linear T-periodic mild solution
.
Construction of u0..

.

. ..

.

.

G :=
∫ T

0
e−(T−τ)LNP∇̃ · F(τ) dτ

ak :=
k−1∑
j=1

e− jT LNG =
∫ (k−1)T

0
e−(kT−τ)LNP∇̃ · F(τ) dτ

a := w∗ − lim
k→∞

ak in L3,∞(R3), u0 := a+G

Formally, since ak =

k−1∑
j=1

e− jT LNG,

(Id − e−T LN)ak =

k−1∑
j=1

(
e− jT LN − e−( j+1)T LN

)
G = e−T LNG − e−kT LNG

=⇒ (Id − e−T LN)a = e−T LNG (k −→ ∞)

=⇒ (Id − e−T LN)(a+G) = G
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Linear T-periodic mild solution

By the Lp,∞-Lq,∞ estimate,

∥e− jT LNG∥L6,∞ 6
∫ T

0
∥e−{( j+1)T−τ}LNP∇̃ · F(τ)∥L6,∞ dτ 6 CT j−

5
4 sup

t>0
∥F(t)∥

L
3
2 ,∞

Hence, ak =

k−1∑
j=1

e− jT LNG is Cauchy seq. in L6,∞(R3).

∥ak∥L3,∞ =

∥∥∥∥∥∥e−T LN

∫ (k−1)T

0
e{(k−1)T−τ}LNP∇̃ · F(τ) dτ

∥∥∥∥∥∥
L3,∞

6 C(1+ NT)2 sup
t>0
∥F(t)∥

L
3
2 ,∞

.

.

. ..

.

.

∃a = s− lim
k→∞

ak (L6,∞(R3)) = w∗ − lim
k→∞

ak (L3,∞(R3))

.

.

. ..

.

.

w∗ − lim
k→∞

(Id − e−T LN)ak = (Id − e−T LN)a in L3,∞(R3)
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Linear T-periodic mild solution

.

.

. ..

.

.

w∗ − lim
k→∞

(Id − e−T LN)ak = (Id − e−T LN)a in L3,∞(R3)

Moreover,

∥(Id − e−T LN)ak − e−T LNG∥L6,∞

= ∥e−kT LNG∥L6,∞ 6 CTk−
5
4 sup

t>0
∥F(t)∥

L
3
2 ,∞
−→ 0 (k −→ ∞).

Hence we obtain

s− lim
k→∞

(Id − e−T LN)ak = e−T LNG in L6,∞(R3)

w∗ − lim
k→∞

(Id − e−T LN)ak = e−T LNG in L3,∞(R3)

.

.

. ..

.

.

(Id − e−T LN)(a+G) = G in L3,∞(R3)
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