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Navier-Stokes type equation on H'

U+ Lu+u-VYu+Vr=0, g=(x,y,s)€H', t >0,
divgu = 0,
u(g,0) = a(g)

(0.1)

Theorem 1/ (O ‘19)
The following existence and uniqueness of local and global
solutions of (0.1):

- Ifa e J*(H"), there exists a unique solutionu € C([0, T),J *(H"))
for T>0. (J*H') = L*(H' = R®)?, divgw = 0) (0.2)
- Moreover if there exists a constant § such that ||a]|,+ < 6,

we can take T = oo in (0.2).
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a—4 ) v RZERE_Ed Navier-Stokes A2
SRR R AR

ut—Au+(u-V)u+V7r:0, (x,y,2) €eR3, t >0, « EEHRER

divu =0, (x,y,z)€eR3 t>0, — FEEMRMY
u(x,O) =a, (x,y,z)eRd, — WEAZMH
(0.3)
5U1 aUQ 3U3
o = . . y s J s =, ——,—— |,
u = (ur, U2, U3)(RED), m: EHIE (RA), u; (at 5t 81‘)
Pu  Pu Pu . wry (o o9 0
OAUI_W+6_}/2+?( 1,2,3) (*414IR), V_(a_x’@’a_z)
73 VU = Uy — hal}
(i=1, 2,3).
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ui(x,y,2,0) = ai(x,y,2), us(X,y,2,0) = as(x,y, 2),
us(x,y,z,0) = as(x,y, 2).
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o J/(R") ={a=(ar,a,---,ay) € LP(R")" | diva = 0}
(Solenoidal space)

Theorem (R™-Navier-Stokes equations) (T. Kato ‘84, Y. Giga ‘86)

Let m > 2. Then the following existence and uniqueness of local
and global solutions of (0.3):

- If a e J"(R™), there exists a unique solution u € C([0, T), J"(R™)
for T > 0. (0.4)

- Moreover if there exists a constant § such that ||a||,» < 6,
we can take T = oo in (0.4).

Rz (SIBEE)
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Theorem (2D-Navier-Stokes equations)

The following existence and uniqueness of local and global

solutions of (0.3):
- If a € J#(R?), there exists a unique solution u € C([0, T), J2(R?))

for T > 0. (J*(R?) = L3(R?)?, divw = 0.) (0.5)
- Moreover if there exists a constant § such that ||a]|2 < 4,
we can take T = oo in (0.5).

Theorem (3D-Navier-Stokes equations)

The following existence and uniqueness of local and global

solutions of (0.3):
- If a € S*(R®), there exists a unique solution u € C([0, T), J*(R?))

for T > 0. (J}(R®) = L3(R%)3, divw = 0) (0.6)
- Moreover if there exists a constant § such that ||a||;s < 9,
we can take T = oo in (0.6).
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@ g=(xy,8),9 =(xX,y,s) eRIXRIx R = R4+
@ We consider R29*+" with the group law - defined by

g-9 =(xys) (x.y.s)
=(x+x,y+y,s+s +1/2(x-y-x-y)), (0.7)

where x -y = 37, xy;.

@ The group (R**',. ) with respect to the group law - defined by
(0.7) is called the Heisenberg group and denoted by HY.

@ e=(0,0,0),g7" = (-x,~y,—s)
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@ The left-invariant vector fields ([Xf](9" - g) = X[f(9" - g)]) in the
Heisenberg group H are represented by

g 1 0 o 1 0 0

Xi= — 4 —y— Xgpj = — . Xogq = —
1= ax T 2Yas M T 5y, T 2%gs M T 5s

forj=1,2,---,d.
@ The right-invariant vector fields ([Xf](g- g’) = X[f(g- ¢’)]) in
HC are represented by

o 1 0 ¢ o 1 0 ¢ 0
_|_

) A SV L ALV AP
Y 2Yigs ati ay; 2%gs " T s

forj=1,2,---,d.
@ These make a basis for the Lie algebra b of HC.
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@ [ ={(0e;,0,0), 0 € R}, [4s; = {(0,0e;,0), 6 € R},
M2g+1 ={(0,0,60), R}, j=1,---,d.

© Xf(x.¥,8) = ~rlocof(x,¥.) - (66,,0,0))
Xayif(X,y,8) = %b:of((x,y, s) - (0.0¢;,0))
Xaarf(x,1.8) = <glo=of(x.,5) - (0.0.0)

® Xf(x,¥,5) = Tlo-of((66,,0,0) - (x.,))
Kauf(x.y,5) = olof((0.06,0) - (x.1, )
Saasif(x,9,8) = s-of(0.0.6) - (x.1.5))
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o (C.C.R. EXX#HER)

[X): Xas] = —Xea1, [Xi, Xe] = =X,
0 (Others), 0 (Others).
(j=1.-.d) (d=1)
0 0 0
FERTIEX =—, Xo=—,X3=— (d=1).
° RmT T oax R oy 7 8s (d )

e H=R3D) —R% b t?étg, V1 :{X1,X2}, V2 :{X3} EH
<&, hp=VieV,, [Vi,Vi]= V., [V, Vo] =0,
Lie{Xi, Xo} = span{Xy, X, [X1, Xo]} &V,

rank{Lie{X;, X2}(g)} = 3, forany g € H.

(Hormander’s condition)
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e 2 step stratified Lie group.

e The induced subriemannian geometry is step 2.
(2 step R*F ) —F¥)

o ZMDIFALTH#E{R (C.C.R) NI EURILITEDE
BIDHEEIZR > TW5,

(2L < I&. R. Montgomery, A Tour of
Subriemannian Geometries, Their Geodesics and
Applications, (2002), AMS)

o XL AMIEWIERI#EE  (By S. Thangavelu).
o ZL DXIMIFRET . (RDX—2)

A Rz (BIREE) Navier-Stokes type equations on H? 2018 11 B 17 B (%) 18/57



I
NAEBIURIVTEDEZREHEE

N B RIVTEEDSE T

@ G. B. Folland, Harmonic Analysis in Phase Space, Princeton
University Press. Princeton, N.J., (1989).

@ S. Thangavelu, An Introduction to the Uncertainty Principle:
Hardy’s Theorem on Lie Groups , Birkhauser, Boston, (2004).

@ E. M. Stein, Harmonic Analysis, Princeton University Press.
Princeton, N.J., (1993). (12 & & 13 &)

@ N. Th. Varopoulos, L. Saloff-Coste and T. Coulhon, Analysis and
geometry on groups, Cambridge Tracts in Mathematics, 100.
Cambridge University Press, Cambridge, (1992).

[ Rz (SIREE) Navier-Stokes type equations on H? 2018 11 B 17 B (%) 19/57




I
NAEBIURIVTEDEZREHEE

o V= (X‘I’XZ"" ’X2d)a 6 - (5(1’5‘(29” : ’)?Qd)
@ diva = X1 a +---+ ngagd, divga = X1 a+---+ ngagd
@ The sub-Laplacian £ and Lz on H¢ are defined by

2d
L=-) X
j=1
and
2d
. v?2
LR — _Z)(j s
j=1

respectively. Thanks to Hormander’s result, the sublaplacian £
and Ly are subelliptic. (Lu=0 = ue C%)
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@ The Heisenberg group H¢ is a locally compact Hausdorff group
and its Haar measure is the Lebesgue measure dxdydt.

@ 6,(x,y,8) = (Ax, Ay, %s), (x,y,s) € HY, 1> 0.

@ The homogeneous dimension N of H is given by N = 2d + 2.

2
(Ifh = Vi@ Vp, then N = ) idimV;)

i=1

° fH df(éa(g))dgzﬂ‘N f f(g)dg.

Hd

@ A family {6,}.-0 is an automorphism of H.
@ The distance function (Koranyi norm) p defined by
p(9) = ((x2 + y?)2 + s2)i for g = (x,y, s) € HY satisfies

p(Ax, Ay, A2s) = Ap(x,y,s), 1> 0.
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Let f and h be suitable functions. Then the convolution f = h of f
with h on HY is defined by

(t+h)e) = [ Hen(g™ ) = [ Ha-g" " Ih(a)dg’

Hd

The convolution = is non commutative (f«h # h=1f). The

relationship between the invariant vector fields and the convolution
is

X(f+h)(g) = (f = Xih)(g) and K( = h)(g) = (Xf * h)(g).
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o Lo() = {u [ |f(g)|pdg):’ < oo}, i = |f<g>|pdg);

2d
o LP(HI)P = {u= (uy, -, tpg) | Y € LP(H)}, llull, = Z Ul
=

@ (2d x 2d)-matrix Vu is defined by (XiU;) 1<2« and

1<k<2d
Vu € LP(H?)2929 means Xiu; € LP(HY).
2d
o [Vully = D IXctjln.
k=1
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Let h; be the heat kernel associated to £,

e 41(g) = (F+h)(@) = [ (@)n(g" - g)ag.
Proposition 1 (G. B. Folland 75)

Let h; be the heat kernel associated to L. Then the following
properties hold:

Q@ hi(g) =0,
efht )dg =1,
e ht _ht(g )!

Q (9/0t+ L)h(g) =0and
Q hei(rx,ry, r?s) = r'Nh(x,y,s), r>0,(x,y,s) € H.
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The explicit representation of the heat kernel h; is known as follows.

Proposition 2 (A. Hulanicki, ‘76, B. Gaveau ‘77)

The heat kernel h; associated to L is given by

A
sinh At

d
__ Acoth At 2 2 i
) e 2 (IxI*+Iyl )e ’/lsd/l,

h(a) = (2n)"(4m) |

for g = (x,y,s) € HC.

[ Rz (SIREE) Navier-Stokes type equations on H? 2018 11 B 17 B (%) 25/57



I
HY DY TS5 TS5 7 e %838k

With respect to the estimate of the heat kernel h; associated to £,
the following is known.

Proposition 3 (D. S. Jerison and A. Sanchez-Calle ‘86)

Let h;(g) be the heat kernel associated to L. Then there
exist positive constants C; and C;; depending £ such
that

N c1p(9)?

1Y Xihi(g)l < Ciot™ @ 2727 1,
where | = (i1, -+ ,im) With [l = mand X; = X; X, - - X _.

m
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LP — [ 9 estimate on H?

Proposition 4 (LP — L9 estimate on H¢)

Let N=2d + 2 and assume 1 < g < p < oo. Then there
exists a positive constant C such that for any
¢ € LI(H),

le™ el < Ct 20 3)gllq.

KEZDFHE & ~NILY —DREX TIEATE 3.
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HY EDRBDAERDEITHR
@ Lu=f
- N. Garofalo and E. Lanconelli (‘92)
- N. Garofalo and D. Vassilev (‘02)
(Yamabe type equation. H BUE¥)
o u+ Lu= f
-G. B. Folland (‘'75) (B\ED1HE)
- A. Hulanicki, (‘76), B. Gaveau ('77)
(N BV RIVTEHORKDEDRT)
- D. S. Jerison and A. Sanchez-Calle (‘86)  (Z4% M i)
-Q.Yang and F. Zhu (‘'08) (H BUEt D&KL DEAREKT)
-Y.Oka (‘18) (##gFEAARXDOBFTELIME. H BUEF)
o iuy+Lu="Ffus+Lu=f
- H, Bahouri, P. Gerard and C. -J. Xu (‘00)
(7 8REEAE. Strichartz 5. /N1 € NIV TEE)
- M. Hierro (‘05)  (98%&Fffi. Strichartz F%ffi. H ZYE¥)
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Navier-Stokes type equation on H

We consider the following Cauchy problem of the Navier-Stokes
type equations,

Ui+ Lu+ (u-v)u+Vr =0,
divau = 0, (0.8)
u(g.0) = a(g)

for g € HY and t > 0, limited to Lebesgue spaces on 2-step stratified
Lie groups, especially Heisenberg group, instead of the Euclidean
spaces.
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Navier-Stokes type equation on H'

U+ Lu+u-VYu+Vr=0, g=(x,y,s)€H', t >0,

(0.9)

divgu = 0,
u(g,0) = a(g)
- 6U1 6U2
o U= (ur. ), Uy (at, = ) R,
Pu Pu 1, , 5 0% d d \ du;
o Lu= -G ) e
(i=1,2)

ox 2735’3y " 2%5s

, =

(818618)~(318616
o V=

5s’dy 2 as
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Navier-Stokes type equation on H'

(9U1 1 0U1 3U2 1 0U2

L ~0
®ox 27%8s "oy 2%%s

o (U V)u-—u%+u%+1( u —xu)%
i =thos 26y2y1 2)5s

(i=1,2)
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Let b = (by,- -+, bay) € LP(H?)?, 1 < p < o0, and set

2d
Pb = (Pib, -, Pxab), Pib = b; + Z R Ribx

k=1
and

2d
Qb = - L7 Xb,
i=1
where R = XL, By = £2%,1=1,--- 2d and

_1 2 © 2
o) = 5z | e (o) a

by the spectral theorem.
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Then we decompose b by
b = Pb + VQb.
Indeed, we have

pb xob

2d 2d
Pib + X.Qb = b; + Z RiRcb, X Z L7 Xibi
k=1 =
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Lemma 1 (T. Coulhon et al ‘96)

~ 1 = 1~
Let R = XiLz and R = L2 X, i=1,2,---,2d. Then for any
p € (1,0), there exists a positive constant C, such that for any d,

we have _
IRifllp < Gpllfll, and [|Rifll, < Cpllfllp

for any f € LP(HY).

By Lemma 1 above, the operators R and R are LP-bounded. Hence
we can see

IPbl|, < ClIbllp. (0.10)
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divgPb = 0 (0.11)

Indeed, we have od

XiPib = X;b; + )NQZ R;Ribx

2d
~ ~ I R R
= Xib; + X* E L2 L7 Xcby
k=1

2
= Xib; — (-X7) Z£E15<kbk~

Therefore we obtaln
divgPb = ZXPb ZXb ZXkbk —0. O
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Stokes type equation on H

If 7= -Q(u-V)u, then

U+ Lu+ (u-vViu+Vr =0,
divgu = 0,
u(g,0) = a(g)

becomes

Ui+ Lu+Pu-Viu+VQ(u-V)u-VQ(u- V)u =0,
divpu = 0,
u(g,0) = a(g)

A Rz (BIREE) Navier-Stokes type equations on H? 2018 11 B 17 B (%) 38/57



|
Stokes type equation on H

So we obtain
u; + Lu=-P(u-V)u,
diveu = 0, (0.12)
u(g,0) = a(g).

(Stokes equation)

u; + Lu = Pf,
divau = 0, (0.13)
u(g,0) = a(g).
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Stokes type equation on HY(FEFREFFZR)

Lemma 2 (FEFRBAER)
Assume 1 <p,g<occand T>0or T = oo and

@ Uy € LP(HY) and f(t) € C((0, T), LP(H?)) N LI((0, T), LP(HY)).
If we set

u(g, t) = S(t)uo(g) + fot S(t - o)f(o)do,

where S(t)F = F = h;, then u satisfies the following conditions:

Q@ u(g.t) € C([0. T), LP(H)),
@ u(g,t) is a solution of u; + Lu = f in the sence of distributions
and

Q Jim {lu(-, 1) = toll, = 0.
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Stokes type equation on H
e ac JP(Hd) = {a = (31, s ,agd) € Lp(Hd)Zd, divpa = O}

Proposition 1 (Stokes equation)
Let1 <p,g<oand T >0or T = co. Fora € J/(HY) and

f(t) € C((0, T), LP(HY)29) n LI((0, T), LP(HY)?9).

If we set t
u(t) = S(t)a + fo S(t - o)PH(cr)dor,

where S(t)F = (Fy = hy, Fo = hy, - -+, Fog = hy), then u(t) is a solution of
Stokes equations (0.13) satisfying the following conditions:
@ u(t) e C([0, T), LP(HY)7),

Q@ divgu(t) =0and

li - =0.
@ lim Jju() - all, =0
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Stokes type equation on H

<Proposition 1 MEERA>
Assume that

acJP(HY) ={a=(a, - ,aq) € LP(HY)??, divga = 0}

and
f(t) € C((0, T), LP(HY)?¥) N LI((0, T), LP(HY)?9).
By (0.10) (LP boundedness of P), we also see
Pf(t) € C((0, T), LP(HY)29) n L9((0, T), LP(H?)??). Now we set

ui(g, t) = S(t)a(g) + \f; S(t-o)Pif(o)do, j=1,---,2d.

Then by Lemma 2 (3FERBAER), ui(g, t) satisfies
u(g,t) € ¢([0, T), LP(HY)) and Jim Jlyi(-. 1) - ajllp = 0.
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Stokes type equation on H¢

Moreover by Lemma 2, we have
2d
(uj. Oy — Legy) + <ff + Z Rj’:"kfk’90/> =0,j=1,-,2d
k=1

for any ¢; € C°(H? % (0, T)). Finally, by divga = 0 and
divgPf(t) = 0 ((0.7)), we implies divgu = 0. Indeed, since

XiS(t)a(g) = (Xa; + h)(g).

we can see divgS(t)a(g) = 0. Similarly, from divg Pf(t) = 0, we
obtain

dlv,qfsr— )Pf(c)do = 0.

Therefore uj(g,t) (j=1,---,2d) is a solution of (0.13).
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FHEER Local

We consider the following integral equation

u(t) = S(t)a - ft S(t-o)P(u-V)u(o)do. (0.14)
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FHER Local
Main Theorem 1 (O ‘19)

Let N =2d + 2 < p < oo. Then for an initial value
acJV(HY) ={a= (a1, - ,an) € LN(HY)?9, divga = 0}, there exists a
positive constant T and the following holds:

@ (Existence) The integral equation (0.14) has a solution u(t) satisfying
the following conditions:
~u(t) € 6([0, T), LY(E)™), lim u(t) - all = 0,
-divgu(t) =0, (0.15)

-u(t) € C((0. 7). LP(H). lim Osupta%—%uu(a)np —0 (0.16)
<o<

-vu(t) € C((0, T), LNEY)2929) " |im sup oz||Vully = 0. (0.17)

—UT O<o<t
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@ (Uniqueness) If v(t) satisfies (0.14), (0.15), (0.16) and (0.17),
thenu(t) = v(t)for0<t<T.
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F#ER Global
Main Theorem 2 (O’19)

LetN=2d+2 < p < .

@ (Existence) If an initial value a € JN(H) satisfies [|ally < Cn, for a
positive constant Cy,p, the integral equation (0.14) has a solution
u(t) satisfying the following conditions.

u(t) € C([0.00), LN(E)), lim Jlu(t) ~ ally = 0
-divgu(t) =0, (0.18)

u(t) € C((0, ), LP(HY)29), tg@+0suptaz %lu(c)llp = 0, (0.19)
<o<

-Vu(t) € C((0, 0o0), LN (HY)29*2d), Jim sup o?|[Vully =0 (0.20)

O<o<t

- there exists a positive constant C such that

lu(t)llp < Ct27%, [Vu(t)ly < Ct .
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FHER Global

@ (Uniqueness) If v(t) satisfies the integral equation (0.14),
(0.18), (0.19) and (0.20). Then u(t) = v(t) for 0 < t < co.
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R? & H DFERDOLLE X H' = RS

Theorem 1 (2D-Navier-Stokes equations)
The following existence and uniqueness of local and global solutions of (0.3):

- If a € J ?(R?), there exists a unique solution u € C([0, T), J ?(R?))

for T> 0. (J2(R?) = L3(R?)?, divw = 0) (0.21)
- Moreover if there exists a constant ¢ such that ||a|| 2 < 6,

we can take T = oo in (0.21).

Theorem 17 (O 19)

The following existence and uniqueness of local and global solutions of (0.9):

- Ifa e J*(H"), there exists a unique solutionu € C([0, T),J *(H"))

for T>0. (J*(H'") = L*(H' = R®)?, divgw = 0) (0.22)
- Moreover if there exists a constant § such that ||a||;« < 6,

we can take T = oo in (0.22).
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Definition (Stratified Lie group)

A straitified Lie group (or Carnot group) G is a connected and
simply connected Lie group whose Lie algebra g admits a
stratification, i.e. a direct sum decomposition

g=Vi@---aV,

such that

[V1,V,-_1]:V,-,2§iSr
[Vi. Vi] = (0).

e The Euclidean group E = (RY, +,6,) is a stratified Lie group of
step 1. 5(x) = Ax, 1> 0.

[Bon] A. Bonfiglioli, E. Lanconelli and E. Uguzzoni, Stratified Lie
groups and Potential Theory for their Sub-Laplacians,
Splinger-Verlag Berlin Heidelberg (2007).
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2D-Navier-Stokes equations (1 step straitified Lie group)
ue C([0,T),J?(R?)) (J(R?) = L3(R?)?, divw = 0) J

o Vi = {3/dx,0/dy}, [Vi, V4] = 0

H'-Navier-Stokes equations (2 step straitefied Lie group)
ue C([0,T),J*H")) (J*H") = LYH" = R3)?, divgw =0) J

o Vi={Xi,Xo}, Vo ={Xg} £BKE, h=Vio Ve, [Vi,Vi]=V,, [V4, Vo] =0.
o rank{Lie{X;, Xo}(g)} = 3, forany g € H.

3D-Navier-Stokes equations (1 step straitified Lie group)
ueC([0,T),J3(R?)) (L(R®) = L3(R3)3, divw = 0) J

o Vi = {8/9x,8/dy,8/0z}, [Vs, Vi] = 0
o MREMMDIRITIE, dimV, ICHKTE.
o MREMDAEHMIL dimV,, dimV,, BE¥DREE ICKTF.
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&
Straitified Lie group MR = h 5 Navier-Stokes B A2
OHHPEREZERT 5 &,
o ARNIIERENRY MLG, MHEVCEERBIEERE
NY NMVIZGTHERINTWS.
o FRZEEIDRTTIX, B1E V; DRTICKET 5.
o FRZEEIDEITEN ML, ETDE V, DRITE ZFDEE
ICHREFET S,
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