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MAXIMAL ATTRACTOR AND INERTIAL SET FOR
EGUCHI-OKI-MATSUMURA EQUATION

Masaki Kurokiba
Department of Applied Mathematics,
Faculty of Science, Fukuoka University
Fukuoka, 814-0180, Japan
kurokiba@bach.sm.fukuoka-u.ac.jp

1. INTRODUCTION

This is a joint work with Naoto Tanaka (Fukuoka University) and Atsusi Tani (Keio Univer-
sity). We consider following system of equations which was proposed by Eguchi-Oki-Matsumura

([7):

% = A(=Au+ 2u + w?), (z,t) € Qr =2 x (0,7),
g _ 2 2 322
(L.1) i BAv + av(a® — u® — b*v?), (z,t) € Qr,
ou 0Au ov o
Ge=Sho0, 50=0, (e eDr=Tx(0,T),
[ u(z,0) = up(z), v(z,0)=wvo(z), x €,

where Q is a bounded domain in R? with smooth boundary 9Q =T and T > 0. Here u(z,t) is
the local concentration of the solute atoms, v(z,t) is the local degree of order, respectively. «,

0, a, b are positive constants and — is exterior normal derivative to I'.

It is well known that phase separation is described by so-called Cahn-Hilliard equation which
is fourth order parabolic type, while the order-disorder transition is described by Allen-Cahn
equation. The system (1.1) is a model of simultaneous order-disorder and phase separation in
binary alloys. T. Eguchi, K. Oki and S. Matsumura derived the system (1.1) assuming that the
order-disorder transformation is second order and that phase separation can not take place in
the disorder state, but can in the ordered state.

Many authors studied the dynamics of equations describing phase transition (for example, [2],
(3], [4], [10], [12]). In this talk we show the existence of a maximal attractor and of an inertial
set to problem (1.1). The main theorems are as follows:

Theorem 1. Let Hy={(u,v)e (H'(R)) x L*(Q); ﬁ(u, 1) =u}. For any § > 0, the semigroup
S(t) associated with problem (1.1) posesses in Hy =y <5 Ha @ mazimal attractor As that is
connected. -

Theorem 2. Let By be the absobing set in (H'(Q)) x L?(Q) and X5=U;>1,S(t)Bs. Then there
exists an inertial set Ms for (S(t);>0, Xs5) which has fractal dimension.

2. PRELIMINARIES

We shall summarize the results of [11]. First of all the existence theorem is as follows:



Theorem 3. For any (ug,v) € (H?(Q))? satisfying the compatibility conditions %

— 9o
F_ on

F_ )
problem (1.1) has a unique local solution (u,v) defined on Q.+ for some T € (0,T) such that
we HY (Qp) N C(0,T'; HA(Q)),

ve L2(0,T; H3(Q) N H'(0,T; L*(Q)) N C(0, T ; H(Q)).

Here HY' (Qr) = H' (0,T; L*()) N L? (0, T; H*(Q)) .

(2.1)

Theorem 4. Under the same assumptions of Theorem 3, problem (1.1) admits a unique global
solution (u,v) on Qr for any T > 0.

Problem (1.1) is a gradient flow and it has the Lyapunov functional

(2.2) J(u,v) = / (1|Vu|2 + £|Vv|2 - a—2v2 + b—2v4 + u? + 1u2v2)dﬂc
' ’ 0'2 2 2 4 2 ’
which satisfies
d 1
(2.3) EJ(U,U) + /Q(|VK(u,v)|2 + a|vt2|)dx =0,

where K (u,v) = —Au + 2u + uv?. From (2.3), we have
Lemma 5. If (u,v) satisfies problem (1.1), then

1 2 2, P LT 2
LIVl + ol + ol + o)
t 1 Cl4
+/ ds/ (|VK(u,v)(s)|2 + —|Ut(8)|2> dz < J(ug,vo) + 57519
0 0 (6] 2b

Moreover we can obtain the boundedness of the norm ||v(t)|| .

(2.4)

Lemma 6. The estimate

(25) supllo0)l= < Cmax {onlle=, sup lo(0)]}
£>0 >0

is valid for the solution (u,v) to problem (1.1).

3. THE MAXIMAL ATTRACTOR

Let H=(H(Q)) x L2(). We define semigroup S(¢) associated to problem (1.1) by (u(t),v(t))=
S(t)(ug,vp). Theorems 3 and 4 yield that (u,v)=S(-)(ug,ve) € C(0,00; H), and that the map-
ping (ug,vo) — (u,v) is a continuous operator from H to H. For u € (H'(2))" let Nu be the
solution of boundary value problem

—AYy=u—u, x€,

o
(3.1) a0 "D
/ P(x)dx =0
Q
and put

Iy = [ Vol + 191,
To apply theorem 1.1.1 in [13], it is necessary to show

Theorem 7. For any § > 0, there exist absorbing sets in Hg and in (H?(2))2NHs for semigroup
S(t) associated to problem (1.1).



Proof of Theorem 7. We first consider the existence of an absorbing set in Hs. Multiplying
the equation for u by ¢ and the equation for v by v and integrating by parts respectively, we
get

S 2, 2 ol?) + T+ 22 4
20 [t Sl < @+ Swlel,
And we use the inequalities
2l < 3l + a0,
)\2 242 w2 Ao

22 ||2sz||v||i4 ()9,

where A9 is the least positive eigenvalue of the —A with homogeneous Neumann boundary
condition. Then we have

d, . 20?2 5 20
(32) 2 UullZy + =5 [1vl%) + A (lullZy + —5lol7) < Cr.

Applying Gronwall’s lemma to (3.2) we deduce for all
20’ 20’ _ Cy _
Julls + 255 101? < (ol + 255 hool ) e 4 S - ),

We have obtained an absorbing set in Hs.
Next we show the existence of an absorbing set in (H2(£2))2 N Hs. Multiplying the equation
for v by Au and integrating by parts yield

1
(3-3) 2l + IIAQUII2 +2[VAul* < S A )]

2 dt
Multiplying the equation for v by A%v and integrating by parts, we have

5 dt||Av||2 + B[V Au||? = —a/ V[v(a? — u? — b*v?)] - VAvdz

(3.4)

oy 2 2 49,2
/3( IV0l* + 1V (0u?) |7 + 96* [0V 0?).

Using Lemmas 5, 6 and the inequalities (see, [13] p.161 and p.52)

| /\

—IIVA I” +

IVollzs < ClIVoll 5 < CIVoll5 V2] 5,
1 1
lull oo < Clull 2 el 7
we find, for example,
L L 1 3
lulF = 1V0l1 10 < CClullZ llull Z2)2 (V0] 920] 1)
< Cl|Aulff|Av]® + ¢’
< C(Aul* + Av]*) + €.

After some similar calculation, we obtain that

d
(3.5) Z(1Aul* + Bl Av]®) < Co(f|Aul® + Bl Av[*)(|Aul® + BllAv]*) + Cs.



Multiplying the equations for u by u and the equations for v by Av and integrationg by parts
respectively, we have

d
(3.6) 2 (Iull® + IVol*) + [ Aul® + Bl Av]* < Cy.

Here we have used Lemmas 5 and 6. By integrating (3.6), we find that the conditions of the
uniform Gronwall lemma ([13] p.91) hold. Therefore we have

(3.7 AU + BIA0(D)IP < (Cs + Ca + C5)eCoC5+00
for ¢+ > 1. From (3.7) we conclude the existence of an absorbing set in (H2(£2))? N H,. O

4. THE INERTIAL SET

Let Bj be the absorbing set in (H?(€2))? N Hy from Theorem 7 and put X5 = Uy>4,S(t)By.
We note that X is bounded in (C(2))2.

Lemma 8. The semigroup S(t) : X5 — Xy is Lipschitz continuous, i.e.,

(4.1) (w1 —u2,v1 — v2) I3 < (o1 — uo2,v01 — vo2) |7

)

where (u;,v;) is the solutions of (1.1) with the initial conditions (uo;, vo;),i = 1,2, and ||(u,v)||% =
lullZy + [lv]?.

Proof of Lemma 8. The difference of solution (uy — ug, vy — ve) satisfies

(4.2)
(w = A(=A(ur = ug) +2(uy — ug) + urv] — ugvd),
w = BA(v1 — v2) + avr — v2)(a® — uf = b*07) — ava{(uf — u3) +b° (v} — v3)},
a(U18; u) 8A(“81n_ ug) _ 0, W =0, (z,t) € I,
[ u1(z,0) —uz(z,0) = uo1 (z) —u2(x), vi1(x,0) —v2(x,0) = vor(x) —vo2(x), =€,

Let 1; be the solution of (3.1) with replacing v — u by u; — u,i = 1,2. Multiplying the first
equation of (4.2) by ¢ = 1 — 2 and multiplying the second equation of (4.2) by v; — vy and
integrating by parts respectivly, we get

1d
5 71w = w200 = o) [ + V(w1 = w2) [+ flur = ua® + BV (01 = v) |

+/ v (ug — ug)?dr + a/ (v1 — v2)?(u? + b*v})dx < d|jvy — vol|?,
Q Q
where d = aa?+2ab> M2 41 M?(a+4)(14+4a) and M is a constant such that || (u;, Vi)l e@xo,00)) <

M Applying Gronwall lemma leads to (4.1). |
Moreover we find from (4.3)

(4.3)

Corollary 9.

t
1
(4.4) / lur — ual|Fe”%ds < S+ P2 ) || (1o — uao, vi0 — v20) |3,
0
where D is a constant.

Next we shall show the squeezing property of S(t). We denote by A;, (0 = A1 < Ay < -+ <
Ai < ---) the eigenvalue of the operator —A with homogeneous Neumann boundary conditions
and w; the coressponding eigenfunctions such that ||w;||z2 = 1,7 = 1,2,---. It is well-known
that {w;}2°, are a complete orthogonal basis in L?(€2). Let H,, = span{wy,---,w,} and the



operator p, : (H'(Q2))' — H,, be orthogonal projection and ¢, = I — p,, where I is identity on
(H'(2))". Then it holds that

1

2
>‘n+1

IVel?

1
(45) o) < sl <
n+1

for any ¢ € ¢,((H'(Q))"). Furthermore we define the corresponding product projection P, (u,v),
Qn(u,v) on H such that P,(u,v) = (ppu, ppv),Qn = I — P,.

Theorem 10. Semigroup S(t) for problem (1.1) possesses the squeezing property, i.e., for any
t* > 0 there exists number ng = no(t*) such that for any V1 = (uy,v1), Vo = (ug,v2) € Xy
satisfying that if

(4.6) Do (S(E)T1 = SEYT) 11 < (T = pag) (SE)T1 — S(E)To) 1
then
(4.7) IS~ S allir < 1%~ Wil

Proof of Theorem 10. We set (U, V) = Qn(u1 — u2,v; — v2). Operating the equation (4.2)
by Qn, it hold that

oU
o= A(=AU 42U + gy (u1v? — ugv?)),
(4.8) 5V
5 = PAV+ aa®V — agy(v1 (uf + b*v7) — va(u3 + b703)).

Multiplying the first equation of (4.8) by NU € ¢, (H?(Q)) and the second equation of (4.8) by
V and integrating, we have

(4.9)

1d 1
5 g 1Ol + VU + 2[UI° + BIVVIF < U + ada® + DIVI* + 5 /Q(uwf — upv})?dz

+ % / [v1 (u% + b21)%) — vg(u% + bQ’U%)]Qd%’.
Q

Using the inequalities
(410 {@h1+AnHMUW1sHVWF+HUW,
Bt VP < BIVVI?,

it yields that

(4.11) (U + (D1dnsr = D)IIU, V)7 < Clllur = w2l + flor = va2),

)
dt
where Dy = 2min{1, 8}, Dy = 2a(a®? + 1). Applying Gronwall’s lemma leads to
t
1T WF <ITV)(O)1Fe P + aeDt/ lur — us|FieP ds
0
(4.12) .
+ CgeDt/ (lur = wsll? y + lor — vsl|)ePods,
0

where D = D1 A,+1 — D2. From Lemma 8 and Corollary 9, it holds that

3 e 62dt
(413) IO VIOr < o — vaocono = vl {4 S 44 + .

Now assume that

(4.14) 1Pno (w1 — u2,v1 —v2) () |7 < ||Qng (w1 — uz,v1 —v2)(t*) |7



for t* > 0, then by using (4.13)

(4.15)

(w1 = uz, 01 = 02) ()| < 20 Qo (w1 — ua, 01 = v2) () |77

201"

£
D3 +2d

5 (e=Dst" 4 27y 4 .

< (u1o — ua0, v1o — vao) || {e_D?’t* +

where D3 = DA, ,4+1 — D2. Taking € > 0 so small that

* * ].

4.16 Dl ey < —
(4.16) e(e +e*") < 158
and choosing a number ng sufficiently large so as to satisfy

. CLedt” 1
4.17 20e Do 4 )<
(4.17) @ v S
then we conclude

1\2

(4.18 s = uaeon = o)) < (5) Nwro = uan, 10 = o)y

Therefore the proof of Theorem 2 is completed if we apply Theorem 2.1 in [6].
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CAUCHY-DIRICHLET PROBLEM FOR THE EVOLUTION
OF CONSTANT MEAN CURVATURE SURFACE f

Masashi Misawa, Department of Mathematics, Faculty of Science, Kumamoto University.

§ Introduction Let m > 2 be a positive integer and €2 be a bounded domain in m—dimensio
-nal Euclidean space R™ with smooth boundary 0f2. For a real number H, the surface of
constant mean curvature H in R™"! is prescribed by the nonlinear degenerate elliptic systems
of second order partial differential equations, called “H —system”,

—div (|Vu|m_2Vu) =m2HVuA- AV (1.1)
for a map u(z) = (u!(z),...,u™"(z)) defined for x = (z1,...,2,,) € Q with values into R™",
where V, = ;2. , a = 1,---,m, Vu is the spatial gradient of a map u, Vu = (V,u'), and

the cross product w; A --- Aw,, : R™ @ -.- @ R™T! — R™*! is defined by the property
that w - wy A -+ A w,, = det W for all vectors w,w; € R™ i =1,...,m, and for the (m +
1) x (m+1)—matrix W having the first row (w?, ..., w™*) and the &th row (w}_,,...,w™}"),
i =2,...,m+ 1. Here and in what follows, the notation |w|* = w - w = w'w’ is used for
w = (w') € R™ and the summation notation over repeated indices is adopted.

We call a map u : Q — R™ conformal if

Vou-Vau= N0 a,B=1,...,m, (1.2)

hold in € for some real-valued function A which does not vanish in R™. If a map u is of C%?—class
and conformal, then it is seen that u actually defines a hypersurface () in R™™! which has
constant mean curvature H at every point u(z) € u(f2), x € Q (refer to [2, pp.41-42]). Now
we consider the Dirichlet boundary value problem for (1.1) with boundary value ug which is a
given smooth map defined on Q with values in R™*1.

Note that the equation (1.1) has a variational structure. In fact, a solution of (1.1) gives a
surface of least area enclosing a given volume. We call such surfaces as above soap-bubbles. We
can recognize a solution of the Dirichlet problem for (1.1) to be a critical point of the variational
problem, which is to minimize the variational functional, called “m—energy”,

I(u) = / L |Vu|™ dx, (1.3)
Q
under the constraint that the quantity, called “volume-functional”,

V(u) = -5 Qu-Vlu/\---/\Vmudx (1.4)
is prescribed by V(u) = a given constant, where V' (u) is interpreted as the algebraic volume
enclosed between the surface u(2) and a fixed surface u((€2) spanning the curve uo(92) defined
by the Dirichlet data ug. Observe that (1.1) is the Euler-Lagrange equation of the functional
E(u) = I(u) — m= HV (u), where the constant m?= H is exactly Lagrange’s multiplier.

t This report is the preliminary version of the paper “Existence and regularity for the evolution of constant
mean curvature surfaces in high dimension”.



The one approach to look for a solution of the Dirichlet boundary value problem for (1.1) is
to exploit the evolution for (1.1). Consider the Cauchy-Dirichlet problem: For a map u : Q2 =
(07 OO) X Q — Rm+17 ’LL(Z) = (u1(2>7 o '7un(z>>7 Z = (ta 33') S Qom

Owu — div (]Vu\m’2Vu) —m2HViuN - AVyuu in Q. (1.5)
u=ug on{t=0}xQU(0,00) x IN. (1.6)

Note that the equation (1.5) precisely describes the trajectory of the negative gradient flow for
the variational functional E(u) = I(u) —m?% HV (u). For the related results and topics, we can
refer to [8, 3] and references there. We report a global existence and a regularity of a weak
solution of (1.5) and (1.6) for a smooth data having a “small” image. Our main result is the
following.

Theorem 1 Suppose that uy be a W™ N L®—map defined on Q with values in R™ sat-
isfying the “smallness” condition |H| supq |ug| < 1. Then, there exists a weak solution u €
L>(0, co; WE™(Q, R™ 1)) NW12(0, 00; L*(Q2, R™)) of (1.5) and (1.6) such that supg, |u(t)| <
supq, |uo| holds for any t > 0 and

/@,T)XQ Orul?dz + E(u(T)) < E(up) (1.7)

holds for almost all T > 0. The solution u also satisfies the initial condition, |u(t) — wo|w1.m@q)
— 0 ast — 0, and boundary condition u(t) = ug on 9 in the trace sense in WH™(Q, R™1)
for almost every t € (0,00).

Theorem 2 Suppose that uy be a C?*—map defined on Q with values in R™ satisfying the
“smallness” condition |H| supg |ug| < &. There exist a positive constant oo < 1 such that the
weak solution obtained is locally Hélder continuous in (0,00) x £ with an exponent o on the

parabolic metric |t|% + |z| and the Hélder constant is bounded by a positive constant depending
only on m,a, 0, |H| and the C*—norm of the data ug. The gradient of the solution is also
locally Hélder continuous in (0,00) x Q with an exponent o on the usual parabolic metric

|t|% + |x| and the Hélder constant is bounded by a positive constant depending only on m, a, |H |
and I(ug).

To prove the existence, we use a time-discrete approximation which consists of the mini-
mization of a family of variational functionals, of which the Euler-Lagrange equations are the
time-discrete elliptic partial differential equations of Rothe-type for (1.5) (refer to [6]). In the
study of regularity of a weak solution obtained above, we apply the regularity theorem for the
evolutional p—Laplacian systems with critical growth on the gradient (refer to [7]).

In the following, we explain how to show the validity of Theorem 1.

§ Existence of a small solution = We make use of the method in [6] to construct approx-
imating solutions of (1.5) and (1.6). For uo € W'™(Q, R™*!), denote, by W™ (Q, R"!), a
set of functions in W™ (2, R™*1) which have the boundary value ug on 95 in the trace sense.

Let h be a positive number. Let ug € WH™ N L>®(Q, R™™!) such that |H|supg, |ug| < 1. We

h

now inductively define a family of maps {un

} and functionals {FZ} in the set of maps

X = {v e W NL®(Q,R™) : |H] sgp]v\ < 1} (2.1)



forn=1,2,... as follows:

F'(v) = E(v) + /Q Lo —al_ Pde,  uf = u, (2.2)
ul € WLP(M,S""1) is a minimizer of the functional F/ in x, namely,
F" (uﬁ) = inf {FZ(U) SRS X} . (2.3)
The Euler-Lagrange equations of F? n =1,2,..., are
uh —ul _ m _
% — div (]V\m QVUZ) =m2HVu' A AV,u! in Q, (2.4)

which are approximate equations of Rothe type for (1.5). We claim the following.

Lemma 3 There exists a family {u”} of minimizers of {F"} inx, n =1,2,.... Each minimizer
ul € x, n=1,2,..., is actually a strictly inner minimizer of {FZ} in x and satisfies (2.4) in
the distribution sense.

Proof. The set y is weakly closed in W™ (Q, R™*1) since y is actually closed and convex in
Whm(Q, R™1). Noting by Schwartz’s inequality and the definition of the determinant that

D N e o R L e L e e (2.5)
holds for all vectors v,w; € R™, i =1,2,...,m, we see that the estimate
FA(0) > A1 (0) (2.6)

holds for any v € x and then, F" is coercive on x with respect to the W™—norm. The
integrands of F(v), n =1,2,...,

Lo —ul_ P4+ Vo™ —mT Hv - Viw A AV0 (2.7)

are nonnegative, continuous on the variable v € R™"! satisfying |H||v| < 1, and convex on
the variable V,u € R™", o =1,...,m. Thus, from the well-known theorem (see [8, Theorem
1.6, p.9]), we see that F'(v), n =1,2,..., are weakly lower-semi continuous in y with respect
to the topology of W1™(Q, R™*1) and then, the existence of minimizers {uh}, n=12...,

n
follows from the direct method in the calculus of variations. Since F(v), n = 1,2,..., are
C!'—functional on Wh™ N L>°(Q, R™!), we can make calculation of the directional derivative
of F(v) along any vector pointing from u” into x, n = 1,2,.... Let ¢ € W, ™(, R), ¢ > 0.
Then we can use the comparison map u(1 — 7¢) € x for any positive 7 < = and make
calculation

0 < lim FZ(“Z)fFZ (ug(lf"'d))) d

T=1FZ (UZ(l - T¢))

- 0 -7 dr
h’*’uh’ m— m
= /Q—gbug . u"ih"*l — |Vul 2Vu2 -V (qbuﬁ) +m’2 Hou! - Viul A+ AV ulde
A e e h{m=2v 1, h|2 hym h
Since u € x, n=1,2,..., we have that 1 — |H|supg|u”| > 0 and then, from (2.8), we obtain

h2_|yh |2 m—
[ vty vodr <o, 29



which implies that %|uﬁ|2 is a subsolution of the difference differential equations of Rothe type.
In fact, we can derive the L>—estimation from (2.9). Let k = sup, |ug|. By substitution of a

+
test function ¢ = (]ufﬂQ — k2) = max{|u”|* — k2,0}, which is shown to be admissible by the
membership of u" in y, into (2.9), we have, after usual calculations,

+ 2
0 > 1/ ( B2 g2 ) d
2 F oo (b = k*)") do

miz Nt n 2 o\t
_ ] 2 . ey
/Q”{M\ >k23n{|ut_, | >k2} (|u"| ) (|un 1] ) x

1 k2 k2+ h2—k2+d
+h/ﬂﬂ{!uz|2>k2}m{|u2_1|2<k2}( "+ 1) (Ju ) dx

[Vl (Jukf? = k) e
Q

> (P =) ) = (s = 92) ) (2.10)

where we use Holder’s and Cauchy’s inequalities for the second term and note that the third
term are nonnegative. Sum up (2.10) over n from 1 to N to have for any N =1,2,...,

/Q ((\u?v\Q - k2)+>2dx < /Q ((\uOF — kQ)Jr)de =0, (2.11)

which implies the uniform L*®—estimate for the family {u”} of minimizers:

suplul| < k=suplug|, n=1,2,.... (2.12)
Q Q

From the assumption \H]supg lug| < 1, we obtain |H|supg|u”] < 1 for any n = 1,2,...,
which implies that each u”, n =1,2,... is a strictly inner minimizer in X Thus we can make
calucualtion of the dlrectlonal derlvatlve of F* at u? along any vector ¢ € Wy ™" NL®(Q, R™*1),
n=1,2, ..., to have the first variation formula: each ul satisfies (2.4) in the distribution sense
forany n =1,2,....

Now we derive the estimate which plays a fundamental role in the following arguments.
Since u! satisfies (2.3), we can compare u” with u" , to have F, (uﬁ) <F, (un 1), which
implies

E (uﬁ) + /Q Alul — ! Pde < E (“2—1) , n=1,2,---. (2.13)

Adding up these inequalities (2.13), we obtain
N
E (u?v) + Z/ Llul — b Pde < E (), N=1,2,---. (2.14)
n=1 Q

Let us introduce two maps u;, and u;, defined on [0, 00) X © with values into R™*!

"a), (tz)e((n—1)h,nhlxQ, n=12...,
)

ﬂh( ) uo(z), x€Q;
unlte) = Dy T ),
(t,z) € [(n—1h, nh] xQ, n=1,2.... (2.15)



We call uy, and @, approximate solutions of (1.5) and (1.6). In terms of these maps, (2.4) is
written as the form

Oyuy, — div (|Vah|m*2vgh) =mETHYV A AVt in Q. (2.16)

By (2.14), we also have, for N =1,2,- -,

E(an(NR)) + / /@uh\ dz < E(up) (2.17)
and hence,
T
E(un(T)) + %/ /@uh]?dz < E(up) for any T' > 0. (2.18)
0 Jo
Note by (2.12) that
sup| | < sup |ug| (2.19)
Qoo Q

and then, by the assumption that |H|supg_|uo| < 1,

|H| sup|ay| < 1. (2.20)
Qoo

Then, by (2.18), we have, for any 7' > 0,

T
S+ 3 [ [l < Ba@)+y [ [ o
< Blug) < 25 T{ug). (221)
Noting the definition (2.15), we have, by routine estimate,
T(up(T)) < 2™ () < 2™(2m + 1)1 (ug) for any T > 0. (2.22)

From (2.21) and (2.22), we can choose subsequences {u;} and {@,} and the limit functions u
and u such that, as h \ 0,

up — u, U, —u  weakly* in L™ ((0, 00); Wh™(M, R™T1)),
Oyup, — O weakly in L? (Qy, R™) . (2.23)

Moreover, we find the validity of the following convergence:
Lemma 4 For any q, 1 <q < o0, as h \, 0,
ap —u, up —u strongly in L ((0,00); L9(2, R™1)) . (2.24)

Proof. Note (2.21), (2.22) and (2.23) and use the compactness of Sobolev embedding: W'?(L?)
NL*(W'?) — L(L7) for any ¢, 1 < ¢ < 2zt to choose a subsequence {uy,} such that

up, — u  strongly in LE_((0,00); L9(92, R™*1)) (2.25)

holds for any ¢, 1 < ¢ < 2t By the definition (2.15) of uy, and @y, we have |u,—us| < h|Oyup|
and then, the Hélder inequality and (2.21) give that

/ lun — | "dz < (T2 9 I(ug)? (2.26)
Qr



holds for any 7" > 0 and any ¢, 1 < g < 2=tL By combination (2.25) with (2.26), we find that
up, — u  strongly in LE_ ((0,00); L9(Q2, R™t1)) (2.27)

loc

holds for any ¢, 1 < ¢ < 2+ and then, we obtain from (2.23) that
u=1u almost everywhere in (2. (2.28)

By (2.19), we can also use Lebesgue’s convergence theorem to have the assertion.

To pass to the limit in the m—Laplace term in (2.16), we need some more compactness for
{un} and {uy}.
Lemma 5 The family {uy} is precompact in LY . ((0,00); W4(Q, R™)) for any q, 1 < ¢ < m.
Proof. We can argue as in [5, Lemma 2| (also see [1, pp.31-33, Theorem 2.1]) to have the
assertion, since m > 2 and, by (2.21), for any T > 0, we can estimate the lower-order term by

/ M3 H Vit A A V| dz < |H|/ V| dz < |H| T (2m + 1)I(ug) (2.29)
QT QT

and thus, the lower-order term is uniformly bounded in L'(Qr) for any positive T > 0.
From Lemma 5, we conclude

Lemma 6 There ezists a subsequence {uy} such that, as h ™\, 0,

loc

V" Vi, — |Vu|" *Vu  weakly in Lt (O, 00; L1 (9, RmH)) . (2.30)
Proof. By Lemma 5, we take a subsequence {uy} such that, for any ¢, 1 < ¢ <m, as h \, 0,
Vi, — Vu  strongly in LE ((0,00); L9(2, R™1)). (2.31)

loc

Using Holder’s inequlaity, (2.31) and the algebraic inequality
|PI"2 P Q"2 Q| < C(m) (IP|+ Q)™ *|P - Q| (2.32)
available for all vectors P = (P!), Q = (Q%) € R™™*Y we find that as h \, 0,

| o+ (IVan"Van — V" u) dz (2.33)
T

<C S(Ilep b (/QT]Vﬂh - Vu]%dzy” (/QT (|Van| + [Vu])™ dz) J—

holds for all 7" > 0 and any smooth function ¢ of values in R™" with compact support in .
For ¢ € L™(Q, R™™*Y) we make approximation of ¢ by the family of smooth functions {¢}
of compact support in €27 such that ¢ converges to ¢ strongly in L™ (QT, Rm(m“)). Again
use (2.32) to have,

/Q ¢ (’Vﬂh\mQVﬂh - \Vu\mQVu) dz
<C /Q {|¢ — || Van — V" + ¢y - (|Vah|m_2vqjh ~ \vu|m—2vu)} dz.

We apply (2.33) for the second term and, Hélder’s inequality, (2.21) and the convergence of
{ér} to ¢ for the first term, respectively, to obtain the assertion.

Finally, we need the fundamental convergence result due to Reshetnyak (see [4, Theorem 3,
p.282]) to take the limit in the lower-order term.



Lemma 7 Let {v;} be a sequence in W™(Q, R™) such that, as h "\, 0,
v, — v weakly in WH™(Q, R™). (2.34)
Then it holds that

det (Vuy) — det (Vu) in the sense of Radon measure. (2.35)

First, we can use (2.18), Lemma 4 and the compactness of the Sobolev embedding: W1™((Q,
R™) — L%(Q, R™) for any ¢ > 1 to see that

up(t) — w(t) weakly in WH™(Q, R™*1)  almost everywhere t € (0, 7). (2.36)
Denote the m x m—matrix obtained from removing the i—th column in the m x (m+1)—matrix
removed
(Vay) by (Vﬂh)%. Note (2.36) and apply Lemma 7 for v, = (ay,---, @) ,---,uy ), i =
1,...,m+ 1, to find that, as h ™\, 0,
/ (1) det (Vaan(t)) dz — / o(t) det (Vu(t))' dz (2.37)
Q Q

holds almost everywhere ¢ € (0,7") and for any smooth function ¢ defined on Q7 with compact
support in Q7. Noting the definition of the wedge product, we use (2.21) to see that

J,ot6) det (Van(0) dr| < suplo] [

sup |¢| /\Vlﬂh/\---/\vmﬂh\dx
Qr Q

det (Vi (1)) do

IN

IN

m

& sup 9| [ V" dz
T
< m(2m+1) Sup || I (up) (2.38)
T

holds almost everywhere ¢ € (0,7"). From (2.37) and (2.38), we can apply Lebesgue’s conver-
gence theorem to verify that

¢ det (Van) dz — [ ¢ det (Vu)' dz (2.39)

Qr Qr

for any smooth function ¢ defined on €2y with compact support in 2. Hence we arrived at the
convergence of the lower-order term: For any smooth maps ¢ defined on Q7 with values into
R™*! with compact support, as h \, 0

m+1

6 Vain A AVpiipdz = 3 (—1)1+! / & det (V) dz
Qr i=1 Qr
m+1 ) ) R
— > (=) [ ¢ det (Vu)' dz = / ¢ -ViuN--- AVyudz. (2.40)
i=1 Qr Qr

As a result we can use the convergence results (2.23), (2.30) and (2.40) to pass to the limit
as h \, 0 in the approximating equation (2.16) and see that

/Q - O+ |Vu" 2V - Vo —mEH ¢ - ViuA - A Vyudz =0 (2.41)



holds for any smooth maps ¢ defined on €., with values into R™*!, with compact support.
By the usual approximation similar as Proof of Lemma 6, we also see that (2.41) holds for
any ¢ € L™(0,T; Wol’m(Q, R)) N L>®(Qr). Again, note by the exactly same observation as in
(2.7) that the functional E(v) is weakly lower-semi continuous in W1™(Q, R™). Then we use
(2.23) to find from (2.18) that

T
E(ug) > ligln\igle(ﬂh(T)) +1 ligln\i(l)qf/o /Q|8tuh|2dz

> Eu(T))+ %/OT/Q](?tu\de

holds for almost every 7' > 0, from which we have (1.7). The validity of the initial condition
follows from the energy inequality (1.7).
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Al a() 23 Q BIETER LIRS RVIEEICROFBREHFZOTHRET 2.

EE 2. Oy C Q 2ARBEOHEEOFIE L, a() 1% Qy OFEERS L CERTH D
ETDH. ZDOEEDD N >0DBFIEL, A< A 2biX

Oyr={z € Q| ur(z) =a(z)}
FENRZET. SHITTA/RSN e>0ITHLTHD A< A\ BFELT
{z € Qo | dist(z,0) > e} C O,.

FEBIE super- & sub-solution method (B2 IX3CHK [2] #5M) (2L 5. a(z) =1
DAL super solution & L THMAZR uy =1 LU0V olzx LT, FHx 0
BIIEER R b OB T ALERHDH. TOB, N =1 O%5 0RO Vi
\Z K DIRTISIZNL D, RETH D LEFE LB S.

FE L CEHE 2 0WIEE LT [0, ZNAE LR LI, TOHDHIHET a) 1T
TEHTRLS IR ZERTFHREND.



3. T 2 OIBADESR

Qo MENHH I THLHAITRT. Qo ETall) IZEHTH D05 E D% A
CitmaflioTa LELZLIZTA. Qo DIEEDH xp &, xo 0 ET D
R DK Bg(zg) C Qo L%, RO/PSSITSLT (29 ITIFEDBT) X 2+
< &N, Bgp(zg) ETun(z)=a THDZ LRSI IT L.

fu) =uw(a—u) £FB<. FT super solution, sub solution #{E5 7= DIZR %
liti7=4 Br(zo) OB Uy, uy, KT 5.

: —AAuy > f(wy) in Bg(zo),
(1) Super solution
uy = la(-) [l on 0Bg(zo).
—AAuy < in B
(2) Sub solution ply < fuy)  in Bg(zo),
uy =0 on OBg(xo).

Z 2T |la()|leo = esssup,eq la(z)]. FFIZ 2o ITBE L TERAFH2R b DML L 5. £
DI DIIFR Z 0723 v = v(p) ZHERRL L T u(zr) = v(|lz — zo|) & TFUTI .

_)‘(pN_lyvp|p_2Up)p ; pN " f(v)  in (0,R),
(3)

la(-)lloo

v,(0) =0, v(R) = {O

ZZTo(R) = ||a(")|le Zi#i7=FF73 super solution T, v(R) =0 %5729 775 sub
solution T2 (LU FREERIZFIERT D) . pV L o,|P~20, = |pPv, P20, (6 = %) e

HELT, we=pv, L7225 LI ITEBET D w(E) =v(p), Z—g =, Tbb

lee _ p179



L% u(x) = v(jz — x|) = w(g(lr — z0]). 22T

Rl—@
T{l@ 0 <1),

00 0>1).
(4) 2= w =Wy, wy, ZWT D720, ROMBEZ ERHT 5.
#Ed 3. Tp € (0,7) &Y 2. BEFROGEMERME

—AM|pelP2de)e = g H(To) f(¢)  in (0,Tp),

(5) |
mmz{ywwm - 0e(Ty) =0

FENER, FANENNISHLTROE S o—Fff ¢ = ¢, ¢, ZHD.

(= la()le  (£=0),
6A(€) 3 € [a, lal )] (0 <& <END),
—a (EXr < €< T,

(=0 (=0,
6, (&) €0,a] (0<&<END),
—a (6N <E<T),

\

I TE=Epa, Ty, R,0), E=E(p,a, Ty, R,0) 122D EH (MEITRO NN T
ZTIIAEMT D) .

iR 3 OFEINT (5) (oxt L CTHFEMIT AT 5 Z & T b, FELLIT ¢, I
DV 8, Lemma 2.1] &, ¢, (22T [9, Theorem 3.2] ZZMDZ L.

by ¢, & Ty <& ST ITHWT a SRR LB %

(€)= (&) (0<E<T),
e m<es<),
w, (€) = 0,(§) (0<E<T),
- a (Ty < £ <T)

I B2 E X

LruE, Wy, wy FERER (4) BT EE BERAL
W, & I K

=
=
2
4
r'v
o+
™
[
48
&
™
S
A
S
)
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A
4
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afn
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(0,Ty) Tl g™ BEMBHTHD L L 6y >a, ¢, < a \TEETHIT

@) [P (@) )e — g P F@x) = =MD 2 (dn)e)e — g€ F(8))
= (g7 (To)" — g1 (&)") f(¢y) = 0,

=) (wy)e)e — g7 () fwy) = =AI(0,) [7*(2,) Je — 971 (&) f(9,)
= (g 1Ty = g1 (&)") f(9,) <0

&7 o THENT (4) 27 LTV 5.
DI Ty, uy &

AMg(lz — o)),
NCIEEE))
EERTIIEINGITEREN (1), (2) W,

T Uy, uy, I HIZOQ\Br(zo) ™~ ||a()|leo, 0 IEBE L7 E ZNENFH Uy, u,
EESZEITTDE, uy, uy 1TENEFNQ BIKTERR S HL7C super solution, sub
solution Toh o> Tu,(z) <up(z) 2T, LoT 2l Ic&ivufa, & u, OMIC (P)
DIENFIET D, ZOfRIT—EBH T uy, OZ L7015

uy(z) <up(z) <un(z) in Q,
it
UA(ZL') =a In Bmin{g*1(g)\l/p),gfl(é)\l/P)}(xo)’
g U IEHFEAD TH ST B AN 0 DL E gTHENP), g HENP) S R LTEdio
T, toa/hSn A zEnid
ux(xz) = a in Bgs(zo).

TNDBRTREZLETHoT=. HEKXIZQ) ETEHMRTHANG, 2y € Qy 2fEE
OWmE LTEI TV, Qo BAEIREOERDOLG AL, Z Oikin & &8tk ¢
T2 L.

FE 2. (P) oFRBRAOLEDZ wiHa(z) —uw)" (¢>2, 0<r<p—1) L LTHE
B2 13Tk NED. 7272 L ZOLAIT—RIZHEDO —BEAEIIRFE S N2V DT uy 135
HOEODEDOZ L L UTHRIRT 5.

S 3k

[1] J. 1. Diaz and J. E. Saa, C. R. Acad. Sci. Paris Sér. I Math. 305 (1987), 521-524.



[2] A. Canada, P. Drédbek and J. L. Gamez, Trans. Amer. Math. Soc. 349 (1997),
4231-4249.

[3] J. Garcia-Melidn and J. Sabina de Lis, Differential Integral Equations 13 (2000),
1201-1232.

[4] M. Guedda and L. Véron, Trans. Amer. Math. Soc. 310 (1988), 419-431.
[5] S. Kamin and L. Véron, Proc. Amer. Math. Soc. 118 (1993), 1079-1085.
[6] G. M. Lieberman, Nonlinear Anal. 12 (1988), 1203-1219.

[7] S. Takeuchi, Proc. Amer. Math. Soc. 129 (2001), 433-441.

[8] S. Takeuchi, SIAM J. Math. Anal. 31 (2000), 678-692.

[9] S. Takeuchi and Y. Yamada, Nonlinear Anal. 42 (2000), 41-61.



Neumann O 0O 0O 0O 0O 0O O semilinear heat equation O O 0O 0O O
Ooono

0 DDDDD(DDDSDDDDDDDDDDDDD)
1 O
000000 Cauchy-Neumann O 0
(1.1) w =DAu+u? in Qx(0,Tp),
(1.2) %(m,t):o on 99 x (0,Tp),
(1.3) u(z,0) = ¢(z) in Q

000.000,D>0,p>1,Tp>0,Q0 RNOODOODO0OOO 000000
00,»06Q0000000000000000.000000000 (1.1)00
00000000000000000000000 ([3)000), Fujita[7] 000
00,000000000000000.000000,000 ¢0000

(1.4) $eC@Q),  (z)20, ¢#0 in Q

00o00.00o0o0,000000000 (1.1)-1.3) 0 (00)0«wOO00O0oOO
ug,b0d0 7p 00 « 00000000 DOO. 000,00 Th<oo OO

lim sup max u(z, t) = oo
t/Tp z€Q

ooooo,Tp 00« 00O0O0OoOooo. Dooooon
BD(gb):{xeﬁ (P €% (0,Tp) st lim Py = (2,Tp), lim u(Pk):oo}
—00 —00

0000,0 «00000000.00,0000000000000.00000
00,00 POOODOOOOO0OO0OO0O0O,0000 (Tpb00),00000,000
000000 (Bp(¢) 00O)000000000,00 [12), N. Mizoguchi 0 00
00000000 [13), [14], H. Yagisita 00000000000 [15 000000
0oooooon.



00,k=1,2...0000,P,0 L*Q) 000 k Neumann 00000000
000O00.00, fel?(Q)0000,PfO00000000,

1
P f= @/Qf(x)dz

O00.000,|19o000 Qoo0oooooooo.

2 Juooobood

Q=RN 0000 Dirichlet 00000000,0000 (1.1)000000000
000000000 (j5),[18)000). 000,0000 Q0000 Neumann O
00000000,000 ¢0 QO00000000000,000000000
oooooo. 0o,

U(t) = ﬁ/ﬁu(m,t)dw
oooo,
U'(#) = / (e, Pdz > U, >0
12 Ja
ooooa,Ip <T,,000.000,7T,,0000000
U0 =Up. U0)=Po= g [ o >0

obooboboooooo,

(N
2.5 Tw={@-1)7"" (=
(2:5) =017 (53)
oobD.00000b0o0b0o0 o0DbO00 ITp 00000O0ODOOODO,D >»1
uboobdobooboobooban.

00 2.1 ([12), [15)000))
(14) 0000, Cauchy-Neumann 00 (1.1)~(1.3) 0000. 0000,0000
C,D,0000,D>Dy, 0000

(2.6) T —CD™' <Tp < Ty

gooog.

DN\ 0OQOOoOooOodoO Tp 00000, D000O00ODOOODOO0ODOODODOO
Mizoguchi-Yanagida [22], 23] 00000000, 7p 00000 max, g|¢(x)| O
00000000 U'=U0P000000000000COCOOOOO.



3 Uuobobobobooboo

0000000000000 00000000, Friedman-McLeod [8], Giga-Kohn
[9]-[11], Herrero, Velazquez, Merle, Fila-Souplet [6] D 0000000000, Neu-
mann 0000000000000 0O0O0O0O0OOOLO. o040, dd,gooobon
gogooooooooooooooa.

00 3.1 (3000, (14 0000, (1.1)(13) 00 «w0O000. 0000,
(3.7) 1<p§1+% o0 D>1

oo0o,0000 cooooa

(3.8) u(z,t) < C(Tp — )Y@V (2,4) e Q x (0,Tp)
goooo.

(38) 0000000000, 000000 U=0P00000000000. O
0,(37) 000 1<p<1+2/NO,00,N. Mizoguchi [20) 0000,1<p<
N(N+2)/(N-1)20000000.00,000000000000000,00
0ooooooo.

00 3.2 (13)000.) (1.4) 0000, 38) 0000 (1.1)-(1.3) 00 « 000
0D.0000,
(N=2)p<N+2

000,ecQO000

. - _ [ =17V (ae Bp(9)),
tl/lr%lD(TD _ t)l/( 1)u(a + (Tp — t)1/2y,t) = { 0 (a € Bp(¢)).

gob,boob0ob yoboobboobooooo.

O000,eeQU00O0 QUO0OO00OOOODOOOOOOOOODOOOOD. OO
3.1,32000000000000000, 91100000000 ODOO0OOO

w(y,s) = (Tp — )P Du(a,1), y = (Tp — )2z — a), s = —log(Tp — ).

gob,00 «wO0oboobboooog

ﬂM@=A¥ﬂ§WM“#@%mm s> sp=—logTh



0000. 000, Qs) = e¥2(Q — a), p(y) = (4mD)~N2e WP/,

1 1
f(r)= r? — rPHL r>0
2p-1)  p+1

000.000000000 E[w|(s) 0 sg>s>sp 0000

(3.9)  E[w](s2) gE[w]<31)+/;2 o5/ /E)Q(S){glva—i—f(w)}ﬂ%da

0000000000.00 Elwl(s) 000 s00000000000 [9-[11] O
00000000,00 3.1,320000000000. 000, Neumann 000
000, (39 00000000000000000, Ew)/(s) 000000000
000.003100,(60000000000000,00 3200, (3.8)00
00,0000000000000000000000000.

4 OD0OO0O0O0OOOO0OOOO

0000000000000000000000000000000000000
00. Dirichlet 00 00000,0000000000,000000000000
0000000 (8], [11],[13) 0000), Neumann 0 0000000000000
0000000, (0000000000000, Dirichlet 0100 ©=RYN 000
00000, [4),[19),[24 0000000 )

0000,D>»10000000000000,0000000,000000
000000000000000000000.00,0000000000000
ooooo.

00 4.1 ([12)000.) QO0O0000
(4.10) Q=Q"x(0,L), L>0

00O0. 000,90 RN-'00000000000000OO0O0. (14) 00
00, Cauchy-Neumann 00 (1.1)~(1.3) OO0O0O. 0000,

(4.11) I(¢) = / (2’ xn) cos (%x]\/> dz'dzn > 0
Q
000,0000 D, 0000,
Bp(¢) C ' x {0} € dQ, D> Dy

goooog.



ooo,«c000”00bb0 ¢g0O0OOoO,DO0DOO0ODOOODOO,000D000 Q
goboooboooboobobboo.obooboobooobobobboooboooan.

00 4.2 ([14], [15) 000 (1.4) D O0DO0O, Cauchy-Neumann 00 (1.1)—(1.3) O
goo.ooboo
(4.12) Pp#0 in Q

0000, P 0000000
M(¢) = {z € Q : (Pag)(x) = max(Pa¢)(y)}

yeN
ooooo.oooo,

4.13 lim sup inf |z—y|=0
( ) DN\O zeBp(¢) yeM(¢)| |

gooog.

o000, “0000”’i0b0dn0 o0000,DO00000OD0ODOODO,00 PeOO
0000 M) DOOODODDODOOOUOOOODOO.

00 4200,0000000000000000000,M(¢p) 000000
00000. 00000,Q0000000000 M(¢)caQDODOO0 (Hot
Spots Conjecture) 00000, 0000000000000 N=200000
0000000000000 000o0o0O. 00,QU0U00000000 M(gp) CQ
00000000000, ([1],[2], 16/ 000.)

00,0000 (410)0000,0<L<100 (411) 000,00 9 x{0} O
00 M(¢) 00000D000000.000,0<L<1000,00 cos(ray/L)
00 2Neumann 0000000000000 O0O0. 00000, M(¢p)D0ODOOO
oodoobooooooo,020000000o0oboooooooooooon
o0, 000o0obooooobooooa.

00,0<D< 100000000, Mizoguchi [21], Yagisita [25] 00000
0, M(¢) 0000 ¢0000000 {z€0 : ¢(z) =max, 5o(y)} 0000 O
04200000000000000.

5 UUuoouood
(1.1)~(1.3) 00 w O

u(z,t) = /QG(x,y,DtM(y)dy—i—/Ot/QG(x,y,D(t—s))u(y,s)pdyds
= Ji(z,t) + Ja(x,t)



000000ooOdnD. o00d,G 0 Q00 Neumann heat kernel O00O0O. OO0,
A2 00 2 Neumann 00000, tp =logD/2X.D000. 0000, D — o000
0agd,

Ji(z,tp) = P1¢+e_)\2DtD(P2¢)(x)+0(€—>\2DtD)
= P1¢+D71/2(P2¢)(x)+0(D71/2)
00 [|J2(-tp)|z(@) = O(logD/D) 00D. 000, D —0c 000D
u(z,tp) = Pip + D™Y2(Pygp) (x) + o(D7V/?)
ooo. oo,

lim u(z,tp) = Pi¢, lim w(z,tp)= lim u(z,tp)? = (Pig)’ >0
D—oo D—oo D—o0
oobooo.ooo,00210p0» 1000000 310000.000,00
t=tp 0000 « 00000 P 0OO0O0O, 0000000 ReOOOOODO.
ggoobbooobobooobbooob,obbooobobboooobooon

goboobooooboooooo,0obboobboobon.

6 Udu

ooo,Q000obOo0o00ooo0ogooo0ooobooooob,00oooooo
oogob. b0 420, 0000”0000 o000 D>» 100000000
goood

vy = Av in Qx(0,00),
ov
a(ac,t) = on 990 x (0,00),

v(x,0) =¢(z) in Q
00 0000 +¢+000D00000D0O0 H(t):{xeﬁzv(w,t):maxyeﬁv(y,t)}
0t—-oo00000000000D0DO000DODODOOODODDO. 000,Q=RY
000,D>»1000 (00 1<p<1+2/NOODO)OO0DO0ODOO0OOOO

/RN xgb(a:)dx/ . ¢(x)dx

000000000000000,0000000000.00000000000
0000,000 {j«>1} 000000000, H(#) 000000000000
0000000 (171000),00000000000000000000000
ooooo.
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Asymptotic behavior of some global
solutions for nonlinear parabolic
problems with critical Sobolev
nonlinearity

oo oo oooooood

1 Introduction and Main Results

gogbboooogobobuogggooboooobobobooooobooo

du/dt = Apu+ulult™? in Qx(0,T,),

(P) u = 0 on 0N x[0,7,,),
u > 0 in Qx[0,7,,),
u(0) = U in €,

000 N >2,p€ (I,N), g € (pp], @ cRY, Apu = div(|Vu[P~2Vu),
uw € X = DYP(Q2NLA(Q)NL=(Q) 00 7,0 (P)OOD0 (0000000
(15), (16) 000) 0000000000000, 000000 ¢q=p 00
Q=R"O0O0OO0O000.0000000000000000000O0OO0.

|-l 0 L7(Q)norm 000. 000000000000 QOOO.

S(:= inf 1y g0y [Vul//[lullf) O Sobolev embedding Dy? — LT 00000%0
000000000000:

1 1
J(u) = ];HVUH,@—;HUIIZ, (1.1)
I(u) = —=[[Vully+ [lullg, (1.2)

*Department of Mathematical Sciences, Graduate School of Science and Engineering, Waseda
University, 169-8555, 4-1 Okubo 3-chome, Sinjyuku-ku, Tokyo, Japan.
Ip* .= Np/(N — p) O Sobolev embedding Dy — LI 00000000,
1, sl Vel
?Do'p =Cj§ .
3000 ¢g=p*00 Q=RY 000000 g€ (p,p*]00 QDUDODOOOOOOOD SO
well-defined O 0 O .



11
W’ﬁ:{ueXmKW<(5—5>WMp%IW%d%> (1.3)
11 _
Vo= {uEXth<<———>Squ,NW>O}- (1.4)
p q
000 Te(0,T,) 0000
Apu, ulu?? € L2(0,T; L?), (1.5)
we W2(0,T; L*) N C([0,T]; Dy*) N L=(0, T; L) (1.6)

go0ob0,00 L*00000 blow up alternative
T, < oo = tlinI} |u(t)]|oo = 00 (1.7)

D000 (P)O00 «w000000000000000 (000 [1]000).0
0D00000000000,00000 wWOo00000000000000
(P)0OO0000000000O0O0O0O0ONONONONDN 100000000000,
0000000000000000000000000000000000,00
000000000000000000000000000000000000
00000000000000000000. 0000000000 (00 p=2
0000000)(P)000000000000000000000000000
00.000000000000,000000000000030000000
000000000004 00000000000 p=20000000000
0D00000000000):

1.000 w0OOOOOO0O00000000 ww=Au0000000000. O
000000000000 (e, T,=o00),00000.

2.000 v 00000000000000 w =k 2000000000
0.0000000000000 (e., T, < o).

3.0000 1,20000000000000, 00 borderline behavior 0 O O
0.00000 (000 p=2,¢€(2,2,Q00000000)00000
000000,00000000000000000°9.

400 1-30 statement 000000 000,0000000000000,000000000
00o0o0o00o0o00o0U00o0U00o0U00o0OU0O00O0Oo0O0OO0OU. Do0Uo (Pp)oOoooOO
gboobooobooo,obobbcobboom O00000000CO0DOOODOOODOOOOOO
0.00,(P)0 (00C00O0O00)0000O0O0UCODOOOO, 00000000000 OOOOO
gbooooboooboobogo,0booooooboobood0Dnoom O000oOoooOoooOoO
gbooooboooboo,oboobooooooboooooooboooobooobooobooo
gboooooa.

51,2000000000000000000000D0000000.10000000000
gboooobooooboooo,2000b0000000000b00000bO0OO0O0ODbOOn
Uboooooboo0obO0o.0b00b0obbog genericO00000D00O0O00ODOOODOODOOO
00o0o0o,300000000 (P)O0DO0OUDO0O0OOOOOOOOOOOO0ODOOUOODOOD
gobooobooooooooboboob. oo L, 200b000b000,000D0D0O00DOOODOOO
gbooooobooobooboooooboobooooob,000b0ooooboooboooaon
gb,0000000000.




000000 wiooooboooooooooooooooo 1oo0o0ooo,d
000 vVvioooooooooooooooooooo 200000000000
O000. 000000, W O stableset, V O unstableset 00000 (OO0
0000000,0000000000000 2000000000000).
00000000 1000000 oooooooo.
O0000000000D0O0O, semilinear, subcritical case OO0 OO0 OOOOO
00000000 (000 [2000oooooon)o

Proposition 1.1 p=2, ¢€(2,2°) 00 QO00000000. 0000

(x) Fst.ul)eW =T, =00, ult) = 0in Hy as t — oo
noooo. .
00 semilinear, critical case 0000000000000 [3]0
Proposition 1.2 p=2,¢=2*00 QO0000000. 0000

(k%) Tt s.t. u() €W, T, = 0o = u(t) — 0in Hy as t — oo
noooo. .

0000000000000000, (x),(x+) 000000 “T, =00’ 000
000000000000000¢% 0000 ()00 “T,=cc’0000000,
(++) 0000000.0000000,000000000000000000.
0Doo0o0oo0.

Theorem 1.1 p€ (1,N), ¢=p* 00 Q=R 000. 0000

d st ult)eW = T, = oo, (1.8)

u(t) e WU{0}, Vtelt,o00), (1.9)

u(t) = 0in L™, Vr e (2,00, (1.10)

u(t) — 0 in Dy, (1.11)

J(u(t)) = 0ast— oo (1.12)

ooooo. .

Remark 1.1 000 RY 00000000000 OOOOOOOO0,00000
QOO0 o O000DO0ODL0ObO0O0O0O0OD0O Theorem 1.1 DODODOODO. O
Op=200 QU0O0O000O00O00O00O00O00O0O0, Theorem 1.1 000000
O0.0000000000000,0000000000O0 (CDOD 4O000)
ggboboboagg.

STheorem 1.1 00 0000 Proposition 1.1, Proposition 1.2 0000 0000,000000
0000000000000 critical case O subcritical case 0000 (P) OO0 scale 0000
oooooooooooooooOoOOOOOODOOOOOOOOOOOO.




Remark 1.2 Theorem 1.1 DO OOOODOO, 00000 stableset 00 OO0
000 L*e-00000000D0000000, subcritical casse DO OO0 O0OOO
0 Giga [4] D OO blow up argument O critical case 0000000000000
0.0000 [4 000 blow up argument [0 energy argument 0 0 000 L*°-0
O0000. 00 scaling O OOD0OOOOOODOOODOOODOO concentration-
compactness type argument [0 0 O O (Proposition 2.5). 00000000000
0,0000000000000000000000 L2norm 000000 scaling
argument 0 0 0 00O (Proposition 2.6).

2 Preliminaries

0000 Theorem 1.1 000000000 tools 00000, 000000
Doo00 Q=RVN0O0 ¢=p'000. 000(P)0 (0)0D00000000
(15)-(1.6) 0000 (P)000O0D0O0OO.

Basic properties of solutions of (P) (P) 000000000000 OOO
gooo.

Proposition 2.1
wO (P)000OO0O. 0000 Ju(t) O ¢t 0OOODODODO0O0O0O0,0000<

a<b<T, 0000
2

du

= = —J(u(b)) + J(u(a)) (2.1)

L2(a,b;L?)

0oooo. .

Proof of Proposition 2.1.
(P)DDOOO du(t)/dt 000, 00000000

du®)|>°  d

— = = J(ult 2.2
it |, o () (2.2)
000. 0000 Ju) O ¢t+0000000000. 00 (22)0+0000
(e,) 000000 (21)000.0000000000000000, (1.5)-(1.6)
0000 (P)OD000O0O0O0OOOOOO. '

‘00000000 Proposition2.1 000000000. 0000000000000, Propo-
sition 2.1 00000000000, 0000000 du/dt D00000O0O0OO0OOOOOOOO
O0. 0000000000000 0,000000 du/dte 000000 du/dt 0000000
Hilbert 00 (0OOO0OO0OOOOOOO)00000O0OO0OU0OOOOOO. ODOO,00000
0000000 (P)00O0 Banach 0O0O0OOOOOO)Hibert 00000000 OODODO
gobooooooob.boobooooooobooobooooobooobooboobbobooo
goobo,0gbooboobooooooboooboooboooboooooobob,bobooboboboo
gbooooooboooobooboobobooooob.Oooooooboooboooboobooobooo
gboooobobooooooa.




Scaling property [4] O blow up argument 0000000, JO0O00O0O0O0O
norm OO0, 00000000 scaling 0000000 OOODOO0OOOO0OO
O000.0000000DO0000DO0000. Do0o0ob0oOoOooobooooooa
ooooo.
wO (P)OO, A>0,
-2

q—p
p
6 = — 2.4

p— (2.4)

a =

000.00¢=p00000 a=[p(N+2)—-2N]/p,=(N-p)/p0000O0
000000.zeRY, toe R" 000w, y,s0

y = ANz — x0), (2.5)
s = Xt —to), (2.6)
Moy, s) == u(z, 1)

goo.

Proposition 2.2
o000 é>00000

d
d_v = Av+ )T in (y,s) € RY x [0, 0] (2.8)
S
d
= d_Q: = Aju+ulul®2 in (z,t) € RY x [to, to + 5/\°] (2.9)
ooooo. .
Proposition 2.3
g=p 00
d d
v :wﬁ : (2.10)
A || 20 5512 (R || 240 05/ 205L2RN))
Vol = 1V ull, (2.11)
[vllg = [lullq (2.12)
ogogoo. oo
S
T(o(s)) = J <u(to + W) (2.13)
ooooos. .

8(P) O scaling (2.5)-(2.7) 000000000 ¢=p* 00000000000 (00000 a,

>



Compactness devices [4] OO0 O, scaling (2.5)-(2.7) OO OO blow up argu-
ment 000000, scaling 0000000000000 00OOOOO. [400
O000,p=200000000 Schauder type estimate 000000000,
000 pO0ODOO0O Schauder type estimate 00000000 0OOOOOOO0O
J0o0o00. 000d0obobuoooobobonO 200 compactness device 00 000
goog.

Proposition 2.4
(up) O time interval [0,0) 0000000 (P)00ODO0OO,00 0<c<elO
goo
[tnll oo (0,52 € [¢, 7] (2.14)
D00000000. 000000 wed((0,6)xQ) 00000,
Uy, — u locally uniformly in  x (0, 0] (2.15)
noooo. .

Proposition 2.4 0 (2.14) O, p-Laplacian 0 000 0 0O inhomogeneous parabolic
equation 0 00000 Hélder OO [5, pp.41, Theorem 1.1, pp.77, Theorem 1.1]
0000 40000000000000000000O0.000000O.

Lemma 2.1
Proposition 2.4 0000000

| L2(0,5;L2)
OO00odod. OoO0d Proposition 24000000 w O t-independent OO0 .
1

dun

i —0as n— oo (2.16)

Proof of Lemma 2.1.
000 t,se(0,6]0 R>0000 (¢t<sODODO). OD00OO

t o du,
o) = e < ale) = O + | [ 2%

Hlluls) = un(s)ll2.85

< 2 maX_]un—uHBRll/z—i-\/\t—s]‘

[t,(ﬂ X BR

2,Br

du,,

E L2(0,5:L2)
= (A)+(B) (2.17)

gO00000000O0O0OO). 000 D(l)’pIZIIZI Linorm 0000 (DO ODOO energy functional
JOscale0OOODO )0 ¢g=p*0000000000O0O0O0O. ODOOO, critical, subcritical case
0000 (P) O scaling (2.5)-(2.7) 000000000, critical case OO0 DOOO0OOO (P) O
0000 “energy structure” 0000 00. 00 scale 000 (00000000 critical case 0O
O000000000D00) 000, subceritical case 0000000 [4 D000 critical case 00O
O0000D00.0000 stableset DOO0OO0ODOOO critical case D0 OO0O0D0OOO energy
structure 0 scale 00 000000000000 L*-O00000O0O0OODDODODODDO.




000° 000 (2.15), (2.16) 0O
(A)—0, (B)—0
asn—oo000.000 (2.17) 00

u(t) = u(s) = win L*(Bg), VR >0, Vt,s¢€ (0,0

goo.

Lemma 2.2
neCPRTGRTHO0<n<100

(0 ift>2
n(t)_{l if t<1

D000000.ecRYO000 ¢, € CEMRY) O
_ (=]
%(@-—n(a

IVealln < Cllnlloe
00000.000 CO0 «0000000000.

ggoob.oboo

(2.18)

(2.19)

(2.20)

(2.21)

000 |Ve|,0 «000000,r=NOOOOO «0000000000

gobobo.oggogbooogd.

Proposition 2.5
(un) C Dy” O

(un) : bounded in L= and Dy?,
Ay, + Up|un|? — 0 in L?

ggboogg. oggooboo uEDé’pDDDD

.
u, — u weakly in Dy”*,

q

U, — u Strongly in Ly,

goooo. oo
Up — U a.€.
ooo. oo
w=0 or July> |Vul> sv/e»

goooo.
‘B 000 ROOOOOO.




Proof of Proposition 2.5.
(u,) DOOOOOODDOOCO.ODODDODODO G,Cy>00000

V|, < Ch, (2.28)
||un||oo < 027 (229)
fr = Apuy + up|u, |97 — 0 in L2 (2.30)

O000. ¢. 0 Lemma 220000000, @eq,(-) == pe(-—z;) OO0,

(2.28) O second concentration-compactness lemma ([6], [7], [8, pp.44] OO O.
00 [9)0000000)00,00000000 8CRY, (e, e )s,es C (Rs0)?,
we DY vpe MRY) 0000 (v,) DOO0 (00D0O000)0000

U, — u weakly in Dy?, LA (2.31)
Vu, [P = 5> [VulP + 3 p, 6., weakly in M(RY) (2.32)
:EjES
un|? = v = |ul"+ > v,,8,, weakly in M(R") (2.33)
LL’]'ES
j1z, = lim Tim / Ve, (2.34)

Ve, = lim lim [ |u,]%0c o (2.35)

e—0n—oo

O0000.00 (2.31) 0 RellichOOOOO

U, — u strongly in LY

ooooo.
000 (2.29), (2.35) 00

Vg lim lim /|un|qg057mj

J e—0 n—oo

lim lim C§|B(x;;2¢)] =0 (2.37)

e—0n—oo

IN

D0O0o0™ 000 (2.31), (2:33) 00

U, — u strongly in L

(2.38)

goooo.
000 R>0000,¢pp0 Lemma 2200000000, [(2.30) X u,pr O
goooo

/fnunng = /Apun(unng) +/un’un’q72unng (239)

1()/\/l(]RN)D RY 00 Radon measure 00000000000,
UB(z;;2¢) 0000 z;, 000 22000000.

8



HEN

[1vuben = [lual'er = [ 19,2V, Vonu,
- / fnn@r (2.40)

ooooo.
000 ¢=p* 00000000000 (p—1)/p+1/¢+1/N=100000,
Holder 00000 LPM/e-Y_Le-fN OOOO0D0O00O
IRHS 2nd of (2.40)] < / IVt |~ | [V ]
< |Vualb Hunllgan [ Veorlin (2.41)
00000 (228)0 Lemma 2200 ROODOOODOO C>000000
(241) < Cllunllgap (2.42)
00000, (242),(2.38) 00

IRHS 2nd of (2.40)] < Clunllgap
— Cllullga, asn — oo

0as R — oo (2.43)

!

ooooos.
00 (2.29), (2.30) OO

IRHS 3rd of (2.40)] < ||fall2llerll2llwn oo
— Oasn— o0

0as R — o0 (2.44)

ooooo.
(2.40), (2.43), (2.44) OO

JimJim / Vunlior = Jim lim / |90 R (2.45)

000. 00 (2.32), (2.33), (2.37) 00O

/|Vun|p<pR —  u(pr) asn — oo

PAp={x; R<|z|<2R}000DO.

BLemma 22 0000 |Veg|, 0 ROODDOODO r=NODOOODOO,00¢=p* 00
0000 (243) 0000 pr 000 LN-norm 00000000000 (subceritical case 00O
0ooooooooooo).



> [1VuPer+ X papla) = [ [Vulen
z; €S
— [[Vul[l as R — oo, (2.46)

[lualton = vipr) asn - oo

= [lulter+ ¥ 0x ¢(ay)

:tjGS
— |Jul|Tas R — oo (2.47)

000, (2.46), (2.45), (2.47) OO

IVully < Jim lim [ [VualPon = Jim lim [fulon =l (245)

— 00 —00 N—00

000. 000 Soboley 000000 S|ult<|u/?000. 0000 w000
O flulld > S¥@P 00,00 Soboley 000O00 |Vulp> S5 000,

Some properties of global solutions p=2,¢€(2,2) 00 QUODO0O00O0O
00,(P)0000000000 L-00000 H-O000DO0ODODO0ODOO0OoOoO0O
0000000000 (D00 [10]000). 00 QUuooooooo

L9(Q) — L*() continuously (2.49)

0000000 L-00000 L200000000.00¢€ (2,2 00000
00000000000 |du(t)/d,—00000.000 (P)0000 u() O
000000000000000000000

= IVu®)3 + [[u@)][2] < lldu(t)/dt][2]ut)]l2 — 0 (2.50)

0000000000,00 L-00000 H-00000000.000000
0000 (249) 00000000, 0000000000000. OO0 ecritical
case HOOUOO,norm U scale OO OOOOO0ODOOO,00000000O
0 (L*-000000000000) (250) 000000000000 DOO0OOO.

Proposition 2.6

T, = 00, tlLrgOJ(u(t))>—oo (2.51)
Oo00.000o00o0 t, —oc00oad

IVut)lly = llu(tn)llg + o(1) (2.52)
o0oodo.oogoo coooo

IVultn)llp, [lu(tn)lly < C (2.53)

10



HEN

1 1
st = (3= 3) IVulel + ott) (254
(3= 2) el + o) (2.55)
= | === |lu(ts 0 .
P q I
> 0 (2.56)
ooooo. .
Proof of Proposition 2.6.
000 t, »oo000O.
(2.3),(24) 0000 a, 0
U (2.57)
" uta)lI3 '
0000 A 0000,
Y= Az, 5=t —t,), MNu,(y,s):=u(z,t) (2.58)
0D00.0000 (257 00
[un(0)[I5 = Ay llu(ta)3 =1 (2.59)

oooooooooo.
Proposition 2.1, Proposition 2.3 0 (2.51) O O

dun

- = —J(un(8)) + J(un(0)))

L2(0,6;L2)
= —J(u(ty +6/X2)) + J(ult,))

Lo 2.00)
googao.
(260) 00000 6>00s€(0,0]0000
s || duy, du,,
(o) = w0l < |52 < 5|5
0 9 g 9 1lL2(0,5,12)
o 2:0)

000.000 (259)00000,006>0000000000 20000
lun ()15 < 2[lun(0)]l3 =2, Vs € [0,4] (2.62)
0oooo.

11



00 (260) 0000 nel0,6 0000

dun(m) | g (2.63)
do )
00000, (2.62),(2.63) 00
du,(n)
| = IVun (5 + [[unE < [Jun(n)]l2 o
2
— 0 (2.64)
000. 000
n
t o= t,+ = 2.
n n+ \a (2.65)
0000 Proposition 2.3 0 (2.64) OO
IVu@ )P = [IVun()IE = [lun(n)]|Z 4 o(1)
= Jlu(t)I+ o(1) (2.66)
00, (252)000. 000 Proposition 2.1 00O
) 1 )
oo > J(ug) > J(u(t,)) = P [Vu(t,)|[ + o(1)
(1 1) ()2 + o(1) (267)
= | === ||ult, 0 .
P q e
00000, (2.53)-(2.56) 000, .

Properties of the orbit which enters the stable set [ 000 O stable set
0000000000000 0D00000DO0. DO0OD00O0OD0O0O0 semilinear case
o0oooooooooog.

Proposition 2.7
O0t0000wuwt)yeWwoOOoOO,000 telt,T,) OO0O00O u(t) e Wu{0}
ooooo. 1

000 semilinear case D0 0000000000 (D0OO [10], [11]000).

Proposition 2.8
o0 te(0,7,,) DO0OOODO0O tet,T,) OO000O ut) e Wu{0} 0D00O.
ooooooooooo.

12



() 00 ¢>00000
J(u(t)) lc as t—T, (2.68)

Doooo.
(b)y 00O telf,T,,) 0000

[Vu(®)[[p, lu(t)]|d < 9/ (2.69)
0oooo. .

Proof of Proposition 2.8.
() 000 t€[i,T,) 0000 wt) e WOOD. 0000 WOOOOO

Iu(t)) = ~ Va2 + Ju(®)llt <0000
1_1 q/(q—p) U :1 U p_lu q
(p q)s > JGl0) = LIVl ~ )l
1 1 q
N R LY 2.70)

0D0000.00 J(-)000000,00000
D0 {e[,T,) 0000 wf)=0000. 0000 WnV=¢0000O0O,
Ju)<0000 weV 0000000 J(-)O0O0O0O0000

J(u(t)) =0, Vtelt,T,) (2.71)
O00.(271) 0000 +0000 (P)00D0O0Odu(t)/dt=0in L2 00000
u(t) =0, Vtelt,T,) (2.72)

00000.000000000.
(b)000 te[f,T,) 0000 w(t) e WODOOO (2.70) 00 [Ju(t)||g < S/@P)
00000,0000
p
IVu(®)l; = pJ@wa+§Hu@MP

q

< p (l — l) §9/(a=p) P ga/(a-p)
P q q
—  gd/(a-p) (2.73)

000.0000{elfT,) 0000 wf)=00000 (271)0000000.
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3 Proof of Main Theorem

Theorem 1.1 D00 00O 0O. Proposition 3.1 0 (1.8), (1.9) O (1.10) O r = oo
0O0odoog, Proposition 3.2 00O 0O statement 0O 0.

Proposition 3.1
O0¢t0000 uw@)eWw OooOod

Jin [u()] 0 = 0 (3.1)
oooodo. od
T, = o0, (3.2)
u(t) e WU{0}, Vtelt, o) (3.3)
ooag. 1
Proof of Proposition 3.1.
Proposition 2.7 0000 0O 0O O
u(t) e WuU{0}, Vtelt,T,) (3.4)

ooooo.
00 fe[f,T,) 0000 «(f)=0000 (2.72)00 (3.1)000. 000 (1.7),
(3.4) 00 (3.2), (3.3) 000.
00000 telf,T, 0000 w(t)e WOODO. (3.1)000000,000
000 ne(0,00] 0000

limsup [|u(t) o = 7 (3.5)

—AIm

ggbobobuogoobood.

Step 1. Construction of a suitable sequence.

Case 1. n=00 000

lim sup [|u(t)[|e = 00 (3.6)

T=Tm t>7

ooo.
000 neNDOOOO ue L(0,T, —1/n; L) OO

1
lulta)lloe = 5 sup  flu(®)]o (3.7)
t€[0, T —1/n]

14



0000 (t,)c[0,T,—1/m00000. 00000000000. 00000
00000000000,

Claim 1.
ty — T 3.8)
[u(tn)lloc — oo, 9)
1
lutn)lloo = 5 sup fu(t)]lo (3.10)
te(0,tn]
ooooo. .
Case 2. n < oo OO0
limsup [[u(t)|lee =1 < 00 (3.11)
t—Tm
ogod.ooooono r>00000
sup fJu(-)lleo < 21, %mﬂwﬂmn<ﬂumwmﬁmm<i“> (3.12)
00000 (L7) 00 T,=0c0000.
(3.11) 0000 7, 0000,
Tn — Ty = 00, 3.13)
Sup [u()llee € (n = 1/(2n),n +1/(2n)) 3.14)
000.00000 ¢, € [r,00) 0000
[u(tn)lloc — 7 (3.15)
00000, (3.13) OO
tn — 00 (3.16)
godoo. oogooooboooooooog.
Claim 2.
00 C>00000,
tn o0
_Mﬁ__ijﬂﬂ_(<(1 Vs e [-1,0], Vn (3.17)

[u(tn)lloo

goooo.

15



Step 2. Conclusion. Case 1,case 200000000, (x,) O

1
iHu(tn)Hoo < |u(zn, )

00000000, (23), (24) 000 o, 30000, (A,) O

Hu(tn)Hoo =\

n

gooooooobob,bn
y=M(x—2,), s=X(t—t,), MNu,(y,s)=u(z1)
0000000y, s, (v,) 00000. 0000 (3.19) 00

() o
Jua 0) oo = H= =1
goo.
gboogobggo

Claim 3.

00 é>000000000 nO0ODOO
‘dﬁ Y
ds L2(—1,6;L2)

|n || oo 0,5,y € [1, M] for some M > 0,

1
| (0,0)] =

Y

=2
IVun(s)lls < 5947 s € [~1,0]
DOo0O0O0.

Proof of Claim 3.

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
(3.24)
(3.25)

000 d>0000,s€[0,d)000. u, O Proposition 2200 (P) 000
D0000000. (P)0000 u(s)un(s)F200000000000000

< unll <o dzo lun(s)I7

O00.000 Gronwall DODOODOO

tn(8)][r < [[tn(0)[nelli=0a? s e (0,d], W¥n

16
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(3.26)

(3.27)



000. 0000000 r—oo000000 (3.21) O Jun|z(odrey O d OO
0000000000000,0046>00000

lun(s)]lo <2, Vse[0,0], Vn (3.28)

D0000000000 (L™-energy method of Otani).
00000 se[-1,000000, Case 1 00 (3.10) 00,

Ju(t, = s/20) |l _ Ju(tn = s/20)llo

lun(s)lloe - = N ()T
supe [0l 2t
e ) SR P o (329)

goo.
Case 200000000 Claim20000. (3.28), (3.20) 00 (3.23) 000,
Case 1 00O (3.9), (3.19) 00O

/\2 = Hu(tn)Hoo — 0 (3'3())
O00.000 (3.8) 00
)
b T (3.32)
_— H .
n Aa m

O00.00 Case200 (3.16) 00O

5
tn+ 3 = T = 00 (3.33)

n

000.000 (3.15), (3.19) 00 M = |ulty)|le —n 00000, X — 9/ 0
O0.0000

1>t
o =

n

by — +0(1) = Tp — —— +0(1) = 00 (3.34)

7]0‘/5
ooo.

(3.31)-(3.34), Proposition 2.1, Proposition 2.3, Proposition 2.7, Proposition 2.8
(a) 0O,

du,,

o = —J(wn(6)) + J(un(—1))

L2(—1,6;L2)
= —J(ulta + /A7) + J(unltn — 1/27))
— —c4c¢=0 (3.35)

17



00000 (3.22)000. 00 (3.20), (3.19), (3.18) O O

|u($nv tn)| _ |u($nv tn)|
AP ()]l

|un(0,0)] = > (3.36)

1
2
00000 (324)000.

000 (3.31), (3.32), (3.34) 000 Proposition 27 0000000 »n 000

0 se[-1,0 0000 u(t,+s/AY) e W OODO. 00O Proposition 2.8 (b) O
Proposition 2.3 00 (3.25) 000. 1

(3.22), (3.23), Proposition 2.4, Lemma 2.1 0000 ve C(RY) 0D OO0
Uy — u in Cre((—1,0) x RY) (3.37)

O0000.000 (3.24) 00

1
u(0) > 5 (3.38)
goo.
00 (3.22), (323) 0000 0€[0,6/2] 000 ¢, >000000
du,, )
At (0) + (0| (0)] 772 = “T@ —0in L2, (3.39)
s
[tn(0)lo < Ch (3.40)
goo.
(3.25), (3.40), (3.39) O Proposition 2.5 D000 v € Dy’ 0000
up(0) — v a.e., (3.41)
un (o) — v in Dy?, (3.42)
v=0or [[Vo|[§ > S4/(a=p) (3.43)
00O0. (3.37), (341) 00 u=0 000,000 (3.38) 00
v=u#0 (3.44)
D0O0. 000 (343) O (3.42), (3.25) OO
§909) < |Vl < Jim [V (o)l < 590 (3.45)

godoo,gooon.
000 limsup,_rg, [|[u(t)|lee = 0, OO0 lime.g, lu(t)|l = 0000. OO0
(1.7), (34) 0O (3.2), (3.3) 00 0. '
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Proposition 3.2
O0¢t0000 wit)eW DOOO,007np>00000

Ju(t)2 L n ast— oo (3.46)
goo. oo

Jim |lu(®)|], =0, Vre(2,o00], (3.47)

lim J (u(t)) =0, (3.48)

Jm ([ Vu(t)]|, = 0 (3.49)
ooooo. .

Proof of Proposition 3.2.
Proposition 3.1 00000000 (3.2),(33)00000. 00000, (P) O
w(t) OOO0O0O0O0O00D00000O0O0O0O0O0O0O0O0O0O

ﬁQH(WEZIW@)SQ Vit € [t,00) (3.50)
00000 (346)000.
Proposition 3.1 00 O
tlim |lu(t)||oo =0 (3.51)

000.000 re(2,00) 0000 (346), (3.51) 00

tim sup [[u()], < lim sup(Ju(t)I3 ()l

t—o0

< (@3 tim sup [lu() )" =0 (3.52)

00000 (347)0o0O0O0O.
00 Proposition 2.6 DO OO ¢, oo 0000,

= Jim J(ult)) = Jimy (5= =) el (353
0000, 000 limy o |lu(t,)|2=000 (348) 000. 000

IVu@ly = pIa(t) + il — o (350
00000 (349 00D, '
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INSTABILITY OF NONRADIAL BOUND STATES FOR 2D
NONLINEAR SCHRODINGER EQUATION
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Abstract

The Cauchy problem of the Laplace equation and the backward heat conduc-
tion problem are typical examples of ill-posed problems in the sense that the
solution is unstable for errors in data. Our aim is to create a meshless high
order finite difference method in which quadrature points do not need to have
a lattice structure. In order to develop our method we show a tool using the
Taylor expansion. We interpret our method from the viewpoint of the ex-
ponential interpolation. From numerical experiments we confirmed that our
method is effective in order to solve the two-dimensional Cauchy problem of
the Laplace equation and the backward heat conduction equation subject to
mixed boundary conditions.

Keywords: Exponential interpolation, Meshless finite difference method, In-

verse problem
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