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1 Introduction

The N-vortex problem in R? is described in the following differential equations:

z'j:z'z_'k’”_ : j=1,2,---,N

where i = v/—1, 2; = dz;j/dt, z; = x; +iy; represents the position of the j-th vortex,
Z; expresses the complex conjugate, and k; denotes the vorticity divided by 27 of the
j-th vortex. These ordinary differential equations are derived as a limiting problem
of the incompressible Euler equation focusing on delta function type vortices. Due to
the importance of understanding motions of vortices and its simplicity rather than
the Euler equation, which is a partial differential equation, the N-vortex problem
has been studied in many fields with various viewpoints (e.g., [4]).

In the previous paper [2], the author applied the technique so called McGehee’s
collision manifold [3], which has been developed in the N-body problem, to the 3-
vortex problem and discussed the regularizations of the triple collision singularity.
The main results there are summarized as follows:

Theorem 1 Under the necessary condition ky* + ky' + k3! = 0 for the existence
of triple collision solutions, if k1 = ko, then the triple collision singularity is topo-
logically reqularizable under an certain natural equivalence relation.



Theorem 2 Under the necessary condition ky* +ky ' + k3! = 0 for the existence of
triple collision solutions, if k1 # ko, then there exists a small positive constant € such
that, for 0 < |ko — k1| < €, the triple collision singularity can not be topologically
reqularizable.

Namely, in the case of k; = kg, a solution ending in the triple collision can be
connected to a solution beginning in the triple collision so as to be continuous with
respect to nearby solutions. On the other hand, in the case of k; # ko, a solution
ending in the triple collision can not be connected to a solution beginning in the
triple collision in such a way that flow results. For the proof of these results, the
collision manifold plays a central role.

In this paper, we would like to briefly discuss the nonexistence of non self-similar
collision solutions from the view point of the collision manifold. The arguments are
quite simple as we will see later, just counting the dimension of stable and unstable
manifolds to the collision manifold.

2 Settings

Let us here summarize the equations we treat in this paper. First of all, the original
equations of the 3-vortex problem are given by

( k k
lei(_ 2_+_ 3_>
Z1 — %9 Z1 — X3
: . k k
z2:z<_ - 3_> (1)
Z9 — 21 Z9 — 23

k k
z'3:¢< = 2).
23 — 21 23 — %9

As usual, we can derive the differential equations for the lengths R;, Ry, and R3 of
the sides of the triangle formed by the vortices (see Figure 1) from (1),

(p _2kA(1 1
"R \R2 R!

po_2wAl1 1

*" R, \R2 R (2)
. 2ksA [ 1 1

Bp=220 (2 - ).

° T Ry (R% R%>

Here A denotes the signed area of the triangle satisfying A% = s(s— R;)(s — Ry)(s —
R3) with s = (R;+ R+ R3)/2. That is, A is positive or negative when the ordering of
the vortices 1,2, 3 is counter-clockwise or clockwise, respectively, and |A| represents
the area formed by the triangle.

\



Figure 1: Three vortices

In the 3-vortex problem (2), the triple collision singularity is given by Sy =
{(R1, Ry, R3) = (0,0,0)}. A solution of (2) is said to be a collision solution if one
of the R;,i = 1,2,3, goes to zero in finite time. Let us remark that Corollary 2.6
in [2] states the nonexistence of double collision solutions in the 3-vortex problem.
Moreover, it follows by Proposition 2.1 in [2] that there do not exist non collision
singularities.

In this paper, we put the assumption

Bt k' k3t =0 (3)

on the vorticities, since our main interest is the collision singularities and this con-
dition on the vorticities are necessary to have the triple collision ([1][4][5][6]). Espe-
cially, without loss of generality, we assume

k?3 <0< k)l,kg.

Let us note that A = 0 corresponds to a solution whose configuration is collinear.
Although A = 0 looks to be an equilibrium of (2), it is known that the uniqueness
of the solutions fails at A = 0. Thus we need an additional condition A = 0, where

A= fu(R)

=35 () e R = Rt = R + 5 X (6= Ra)(s = )
iy e

in order to guarantee that a collinear configuration remains fixed for all time. Here,
R = (Ry, Ry, R3) and X {-} indicates summation over a cyclic permutation of sub-
scripts appearing in the brace. On the previous works (e.g., [1][4][5][6]), this condi-
tion was treated separately from (2). However, our approach in this paper is based
on the theory of dynamical systems and for this purpose, we need the uniqueness



of the solutions. Therefore, instead of dealing with (2), we consider the following
system of ordinary differential equations:

(. 2k1 A 1
R = fi(R,A) = Rll (Rz _ﬁ)
3
2ks A 1
o= rtr ) =222 (7~ ) (W
2ks A 1
Rz = f3(R, A) = RSS (ﬁ - ﬁ)
1 2
\ A= fi(R)

on

(R,A) e R xR, where Ry = (0,00).

On this setting, the uniqueness of the solutions of (4) is guaranteed even if A = 0.

From this extension, the solutions of the original problem (2) correspond to those
which satisfy the relationship A? = s(s — R;)(s — Ry)(s — Rs3) for all defined time.
In particular, we can easily show the following lemma:

Lemma 2.1 o := A% — s(s — Ry)(s — Ry)(s — R3) is a first integral of (4).

From this lemma, the system of differential equations (4) on the invariant set deter-
mined by a = 0 represents the 3-vortex problem (2). Moreover, this first integral «
plays an important role for the construction of the collision manifold.

Now let us introduce a new coordinate called the trilinear coordinate z =

(1, 2, 23) ([5][6])
R: xR (R,A)— (v,A,5) e Tx Rx Ry (5)
with z; = R;/2s and s = (Ry + Ry + R3)/2, where
T:={z=(x1,22,23) ER} | 21 + 25+ 23 =1}.

The system of the differential equations (4) is expressed by

= K(z, A, 5)Hy(x)

= K(:z: A, s)Hg(a:) (6)




where

Hl(l‘) = —k’lfL‘l( +$1Z{k’19§'1 —1'3 }

Hy(z) = —k2x2(:c -z ) + 3 Z {kyz1 (23 — 23)},

Hg(.f) = —I{Z3[E3 + xgz {]{ZlfL’l Ty — $3 }
A

K(z, A, s) = 222325

_%Z{% (xi% _ mig) (1 - 222)(1 —23:3)},
o p B ()

In this coordinate, s = 0 corresponds to the triple collision. Here, the first integral
becomes a = A? — s(1 — 2x1)(1 — 223)(1 — 2z3). Let us note that if « = 0,
then 0 < 1,292,253 < 1/2 must be satisfied, which correspond that the variables
(R1, Rs, R3) satisfy the triangle inequalities. Hereafter, we fix a = 0.

Let us recall from Synge [5] that

li={xeT| )=k tol+ ka2 + ky'ol =0} (7)
gives a hyperbolic curve (see Figure 2). Under the condition (3), the point
=(1/3,1/3,1/3),

which determines the equilateral triangles, stays on the hyperbolic curve [. Let us
denote the points expressing the double collision configurations by

Po=(0,1/2,1/2), P5(1/2,0,1/2), P5=(1/2,1/2,0),

respectively. In addition, the hyperbolic curve [ intersects the edges P, P3 and P Ps
at

Q, = (1 k1+/€2—\/_ VK — /ﬁ)

2ko 2ko
ki+ky— VK 1 VK —ky
Q2 = ) ; (8)
2k 2 2k

respectively, where K = k% + k2 + k1ky. These correspond to the collinear configura-
tions (see Figure 2). For later use, let us also define the point Q3 := (1/4,1/4,1/2),
which is the middle point of the edge P, P>.

_ 1 {ﬁ (iQ _ i)} (1= 220)(1 = 20)(1 = 205) + > {(1 = 20) (1 — 22}



>
x P3

Figure 2: Trilinear coordinate

We here introduce several notations in order to describe the next lemma. Let us
denote by L, g the interval without the end points )1 and £ on [ and by Lo, g the
interval without the end points ()2 and E on [, respectively. Moreover, we introduce
the following subsets in 7' x R x R, with a = 0:

Lo,g:={(x,A,s) | z € Log,p,s € Ry, A >0},
Lo, g ={(z,A,s) | # € Lg,p,5 € Ry, A <0},
Lo,z = {(z,A,s) | © € Lg,p,5s € Ry, A> 0},
Lo, = {(x,A,s) | # € Lo,p,s € Ry, A <0},

Then, we summarize the arguments for the solutions of (6) in [5][6] as follows:

Lemma 2.2 Suppose o = 0. On the hyperbolic curve (7), Hyi(x) = Hy(x) =
Hs(x) = 0, which mean that the solutions whose initial conditions for x lie on
(7) are self-similar. (E, A, s),(E,—A,s),(Q1,0,s), and (Q2,0, s) are one-parameter
families of equilibria parametrized by s € Ry. For the initial conditions located
m f/QlE* and iQQE, these solutions self-similarly converge to the triple collision in
positive finite time. In the negative time direction, these solutions grow up to be
unbounded in infinite time. On the other hand, for the initial conditions located
mn ﬁQlE and ﬁQ2E*, these solutions self-similarly converge to the triple collision in
negative finite time. In the positive time direction, these solutions grow up to be
unbounded in infinite time.

3 Nonexistence of non self-similar collision solu-
tions

It was explained in the previous section that the triple collision solutions are the
only singular solutions. Next, we consider to blow up the triple collision singularity



in (6) and derive an appropriate dynamical system by pasting an invariant manifold
onto the singularity.

A
Let us introduce a new variable B = -
s
TxRxRy3(x,As)— (x,B,5) €T x RxRy (9)

and a new time variable by ¢ = s?x?z2z37. For our purpose to blow up the triple
collision singularity, we do not need to add the term z?x3z2 in the time scaling.
However, for the simplicity of the expression of transformed differential equations,
we here adopt this time scaling. Essentially, this time transformation acts to slow
down the orbits for small s so that a solution ending in the triple collision takes

infinite time to reach it. Then the differential equations (6) take the following form:

( % _ ’“1?3 (kss — ko) b(2)
c;_ _ kﬂ;B(lﬁxl — ksas)d(x)
Yo BB b, — b)) (10)
B gw) - B a3~ 0t 4 (s — kama)o(@)
| L BB a k(b — b))},
where
g(z) = ’lf_g (23 — 2} + (k121 — ko) ()) [(1 — 22)(1 — 22)(1 — 225) + Y _{(1 — 225)(1 — 23:3)}]

_% S (ki (@3 — 23)(1 — 202)(1 — 2a3)},

and we used the condition (3) for the derivation.

Note that the differential equations (10) do not have singularities at s = 0 and
define a vector field on {(x,B,s) € T x R x [0,00)}. Thus, we have extended the
differential equations (6) to include the triple collision of vortices. Let us also note
that the set determined by s = 0 is an invariant set. It means that the set of orbits
ending in the triple collision is now the set of orbits asymptotic to the invariant set.

From the restriction o = s*{B? — (1 — 2x1)(1 — 222)(1 — 223)} = 0 and the
differential equations for x and B, which are independent of s, the set

{(z,B,s) |z € T,B> = (1—2x1)(1 — 2z5)(1 — 223) }
becomes an invariant set, especially

C:={(z,B,0) |z € T,B* = (1 — 2z1)(1 — 225)(1 — 2z3) }



is an invariant set. We call C the collision manifold in this paper, which plays a
similar role for the analysis of the regularization problems in [3].

Let us investigate the shape of C. Recall that, due to B* = (1—2x1)(1—2z)(1—
2x3), we have 0 < x1,x9, 23 < 1/2. On each line given by z1 = 1/2, 29 = 1/2, or z3 =
1/2, we have B = 0. In addition, £ = (1/3,1/3,1/3) gives the unique maximum
(B = 575) and minimum (B = —57=) points. Therefore C is homeomorphic to a

two dimensional sphere minus three points.

Figure 3: Collision manifold

Taking the variable changes (5) and (9) into account, we use the same symbols
Py, Py, P3, 1, Qs, Q5 for the points on C as those for the corresponding points on T
Here, C and T represent these closures. In addition, we denote by E and E* the
maximum and minimum points of B on C, respectively (see Figure 3).

Let us investigate the flow on C. At first, we can easily show the following lemma:

Lemma 3.1 Under the condition (3), all points on the closed curve determined by
{(z,B,0) € C | ¥(x) =0} are equilibria.

Obviously, this property on C is induced by Lemma 2.2.

Next, we study the stabilities of these equilibria. Let us denote by Ig, g the
interval without the end points @7 and E on {(z, B,0) € C | ¢»(x) =0, B > 0}. The
interval without the endpoints @, and E on {(z,B,0) € C | ¥(z) = 0,B > 0} is
denoted by Ig,p. Similarly, I, g« and Ig,p- are defined for the case of B < 0 (see
Figure 3).

Lemma 3.2 FEach point (q,0) € Ig,r and (r*,0) € Ig,g- has the one dimensional
unstable manifold on C. Similarly, each point (¢*,0) € Ig,p~ and (r,0) € 1o, g has
the one dimensional stable manifold on C. In addition, these stable and unstable
manifolds are transverse to the curve {(z, B,0) € C | ¢¥(x) = 0}.

Now, we are in the position to explain the nonexistence of non self-similar colli-
sion solutions. From the fact that there do not exist double collision solutions, we can



show that all triple collision solutions converge to the hyperbolic curve ¢(x) = 0
on the collision manifold C. Namely, the triple collision solutions asymptotically
converge to equilibria, whose energy levels are determined by the initial conditions.
However all equilibria which correspond to triple collision ending have one dimen-
sional unstable manifolds on C. Therefore, they do not have another directions for
converging to C except for self-similar collision solutions, whose initial states them-
selves start from ¢(z) = 0. This is the geometrical reasoning of the nonexistence of
non self-similar collision solutions.

From this argument, it follows that if some equilibria of the collision ending
type have stable manifolds on C, non self-similar collision solutions can exist. This
suggests a promising method to a challenging question in the N-vortex problem
with N > 4 about existence of non self-similar collision solutions. Namely, we
first construct a collision manifold by a similar manner in [2]. Then, counting the
dimension of stable manifold implies the existence of such solutions.
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gofddboooooooobbobbobboddooooooooooogoo
O0A=+cc0000000000O0ODOODODOODODOODODO Casel, Case II, Case 111
O00000000000b000 2000000000000 CasellIDOODO

00 2000000.0000 (A#),H@t)O t— +oo 000 (A(t),H(t)) — (0,0) O
D00000000D0t00000000 (A(t),H(t) eRs 0000000000000
00000000 ¢+>00000 (A(t),H(#)eR: 0000000000 A< HYPY
D000 (K)DD 2000000 T>000000

H
—&<7?%<—1+H”<—1+5 (t>T),

000 a=gqr/(p—1)—(s+1),0>000000000000000 700 +000
0DoooQ
H(T)e "D/ < H(t) < H(T)e~ =91/,

Ht)0O0OoooOoOoOo A< HYe-D 0000000

Auy<HawM%“@@<—;%71;5@—T0

gbooooog
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D004 >-ADO00 A@) > AT)e "D 000000000000000

qg 1—90
p—1 7

<1

0000000000000 r>¢/(p—1)0000000
000r=q¢/(p—1)0000 (A@t),H(t)) — (0,00 0000000000000000

DDDDDDDDDC%MD(hwﬂﬂﬂﬂﬂﬂ%(ﬁj)mmmmmmmm(A@Jﬂm

0 (0,0)00000000000000000000000000000000CaselO
0000000000000
Case 1000000 7=¢/(p—1)0000

d [ Ar-1 Ap—1 2 Ar—ptl
i ()~ (57) -7
oogooogg (A(t),H(t))D t — +oo [ (0,0)DDDDDDDDDDD T>0000

000¢t>7T000 (A(t),H(t)) eR; 000000 A D H)DOODODODOOODO
O0R; 00 AP-V/4/H<10000000(C)00

r— 1 -1
p+ >p
s+1—g¢q q

gboboogobood

Ar—ptl Al=D/g 0 o
Hs+17q = H AﬁiTl g 0(1)

000000000w=AP"1/F100000¢>T 000
w' = (p—1)(1 = o(1))w*
000000000 «?0000 TOOD ¢+0000000000C>000000

1 1
— ———>C(t-T
wm) w2 T
000000000 ¢t—+000000000000000000000000O000
CmﬂHDDDDDDDD%wIDcmeHDDDDDDD%(§j>DDDDD
0000 p—1>r000000000000000000000000CaseIlI OO
a=p—-1-r,b=q—(s+1)0000w=Ar"'/H, »=H’/A*" 0000000000
000000000000

dt (2)

T = A0+ w(—a+p2))

00o0o0B8=bp—1)/q,0=[qgr—(p—1)(s+1)]/q00O000O
00 400 t— 400000 (A(t), H(t)) — (0,0) 000D

liminfw(t)=0 000 liminfz(t)=0.

t——+o00 t—+o00
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O00000000000000liminf, w(t) >000 liminf, ., 2(¢) >00000
OO00O0DOO

000000 liminf, ., w(t) =00 liminf, ., 2(t)=000000000000
O000000OCase lIIOODOO 7=¢q/(p—1) 00000 (A(t),H(t)) — (0,0) 00
OOooobooooooooon

00000 t, 000000t < T, 0000 2(ty) <a/pO0000OT: < +o0 00
t—T7, 000 w(it) —+oo 000000000

00 2(tp) <a/f0000t<t<T, 0000 W(t)>000 2(t)<000000
000000000000 (R) 00000000 »w?* 0000t 00 ¢t00000000
lh<t<T, 000

> 0 (1-5) -

000001-e/4>00000000 T, <400 000000000000 ¢t<T, O
000 0<2(t)<z2(t,) 00000000000000 ¢t—T,000 w(t)— 40000
00000000000 ¢t<T, 0000 (A),Ht) eRs 000 w(t)<100000
000000000000 lminf_7, 2()=000000000

z ¢ : ¢ =0
. ‘/ w =0
S~ ! L
1 '/ w =0 1 : ’;Z;/ a
: Feemrmmmm - T 0= =w
' ’ z/ — 0 : : “‘,‘ B
g """"""""""""" :' ----------------------- : a:'"’
& - E a ____E / [ E /‘
: p—1 /,r” E E
O + - s 1 1 1
3 0 v 70 /oy 1 w
_a —
p—1 q

00 liminf_,ow(t)=0000000000000000000000000 ¢>0
0000 2(6) >e/f00000000000¢1+0c000000000w(t,)— 00
00000000000000 j>7T00000w(t)<a/(p—1)000000000
O0(t) =w(t)z(t) 0000w, ¢ 00000000

%gz(_5+mw_@+4§p—nw)w

d

= (- D=

0000000 ¢@t) > (e/f)w(t) 00003)00000000000000000OO0
0000 )0 t—4000 00000000000000 (p@),w(t) D t>t; 00
0O ¢=(/f)w 0000000000000 00OD0O0OO0O0O00O0O0O0O0OOe0O 00O
0000000 ¢t>T000 (t)<dé/gO000000O0Ot>TOODO

dz _
dt

(3)

(=0 — aw(t) + Bp(t))2(t) < (=0 + Bp(t))=(t) <0
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00000000000 t—»+400 000 2() -00000000000000000
liminf, 4 w(t)=00000000
00000000 20000000

3 Uooobobon

000000000 (GM)ODOOD0oDOoOoooooooooo

00 5 gq(z) =0,04(z) >000007 >¢/(p—1) 000000000000000OO

(min Ho(:c))q > pf%i_ <maXA0(x))p_1. (@)

00000(GM) 00 (A(z,t), H(z,t)) O

0 <max A(z,t) < Ce™, max|H(z,t) — 2(z)| < Ce /"
e €2

00000000 C>0000 2000000

82_
ov
0000000000 (0,2(x) 0 (GM)0000000 M

DAz —z+op(x) =0 (z€Q), 0 (ze€0Q)

00000000000

()010000000000p-1<r00000000 ¢t>0000000000
0000000000 500000000 (x)000000000000000000
000000000000 ¢+>00000000000000000000

(2) 00 5000,(2) > 0000000000 (A(z,t) 0 t — 400 000 0 O
00)000000000000000 ou(z) =0000000 (4) 0000000
(A(z,t),H(z,t)) 0 (0,00 0000000000000000000030000000
000000 (0,00000000000000000000000(4)00000000
0oooooo

(3)00 500-00000000000000000000000000(GM) O
0000000 r00000-0000000000000000000000000
0000 4)0000000000000000000000000000000000
0000000000000000000000000000000000000000
000000000000000000000000000

O0 5000007000000 000000O0OOO0O0O0OO0O
00 6 A(z,t) > e 'min, g Ao(z), H(z,t) > e /" min, g Ho(x).

00 7 v(t) = e "min, g Ho(z) 000000 7>¢/(p—1)00 (4) 00000000
oobodobdood
d p
@ T O = )
OO0 m@) 00000 ¢t>0000000000 C>0000000m(()<Cet00O
ooo
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00 60000000000000000000070 m(t) 0 A(z,t) <m(t) 00O
000000000000 A(z,t) 00000000 H(z,t) OOOODOOOOOOOO
O0H(xt)0OODODODODODODOODO0OODOODODODODODO0O0O0O0O0O0DO0DO0DO0O0DooOoO0OO
gbobobuoooobboooobobao

00000 o,(r) =000 max,gox(x) >000007- 000000000000
O0000000max,qop(r) >000000<n<1 0000000 90000000
00600000

H(x,t) > n(min Hy(z) + ) (x€Q, t>0)

e

000000000 4= [p(min,.g H(z)+6)*00000000000000

dU
——=-U+U"  U(0) = max Ay(z)
dt €
00 U(#)0O04U0P'<100000000000000000¢>00000

Ut) < Ce™
00000000 CO »,0U0)000000000000000000t>000000
max | H(z,t) — z(z)] < Ce ™

e

000000 AUO0P ! <10
p—1 q
(max Ao(x)> <n? (min Hy(z) + 5)

e e

00000000700000000

00000 -0000000000000000000000 (A(z), H(z)) = (0, 2(z))
0000000000000000000000 (0,2()) 0000000000000
00000000000

00000000000000e2=D/r,7>q/(p—1)00 p—1>¢q000000
050000000 (400000000000

p—1 -
H()(J,’)q > on(flf)p ! (l’ S Q)

3.1 JUuoooouoooobon

b soggdoboboobodoooooboobbooooooobbobobboooooon
goo

(
% = EQA'LL —u+ f(ﬂf,u,v) + Ua(x)7
ov
T— = DAv — v+ g(z,u,v) + op(x),
ot (5)
o _ou
ovlea  Ovlea
L u(z,0) = up(z), v(x,0)=vo().
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0000 f(z,u,v) O glz,u,v) 0 2€Q0<u< 400, 0<v<+oo 0000w, v O
000 (:0000000)00 LipschitzOOODODODOOOOODOOODODODOOOOOO
gooood

p r _
OSf(m,u,v)SClu—q, OSg(x,u,v)SC’gu— (x €, u>0, v>0).
v V¥

ooo ¢, 0 ¢, 0 (r,u,v) 0000000000 ODOODODOOCOODO 500000

(4)0 1

p—1-1
obobooboobd

00 f0 ¢g000000O0 (GM)ODOOOOOoOoOoOoooOOOO
() 0000000000000 0O0O00000O0D0O0O0OO (k>0)0

uP u”

m7 9(9@%@) = E’

f(x? u7v) =

(2) MacWilliams 00 000000000000 ([4)) (o, 8 > 0)0

uP au”

: T,u,v) = :
uP + vl 9 ) u" + 3

[l uv) =

4 00O

0000 (GM)OOO0O0OO0O0OO0000000000000O00O0OOOooOoOooOoOoOoOO
OO000DbO0bO00O0O0b00b00 A=0D000D00O00O0ODOODOD

OO0 5007>¢/(p—1) 000000 4000000 0OOOODOOODODOOOO
00000000000000 max,gon(z)>00000000000 000000
obobobooboobooboobooboobo

goooo gogooood

oa(@) Z 0 O0000

o.(r) =0, 04(z) 0 | D ODO.
o.(r)=0,04(z) =0 | 7>¢/(p—1)00000O0O.

gb s0bgbbuodgbbuoobbuoobogbooobboobbuoobuoobb
gboogobuogboboouoobobuoobbooboouooboboobbooboon
gboboboogooboooobbouoogn
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Joogoogoogoogoogboogood
ooooogod

00000 (000O00/0000)
0000000 (@oon)

1 Introduction

gboboboooobboood

52“9056( )+ flu(z
U (0) = ug (1) =

0000000 (D0oO0)oboocoooooooooo

) =0, in(0,1),
0,

{ 00 () + fulu(@))p(r) + pp(r) =0 2 €(0,1), (2)

©2(0) = (1) = 0.

00000000.000e>000000000, f000 (balanced) 00000
000,0000((000000000)f000030wu=0u,0000,000
00 f,(0) >0, fu(us) <0, Fluy) = F(u_) 000000000. 000

:1£uf@ym

O000.00 ()oooooooooooo

2uy(w,t) = U (z,t) + f(u(z, t)), (x,t) € (0,1) x (0, 4+00),
uz(0,t) = u,(1,¢) =0, t € (0, +00), (3)
u(z,0) = g(z), z € (0,1).

00000000, (3)00000000000000000000. 00 (2)00
00wz 00000000,3)00000000000000000000000
0. 0000000000000 19700000000000000000,000
00000000000000.
000000000000000000,0000000000000000
00000.0000(1)00000¢=£,(0)/(nr) (neN)OOOO,n0000
00 u,.0 (1)0000000w=000000,000ec—00000n000
0000000000000000000. 00 3)00000 u(z,t)00000
000000000000000,000000000000000000000
0000.0000000000000000000000 (Carr-Pego [2]), 000
00000000000000we¢)000000000000000.
00000000000000000001000000000,00000 (2)
00000000000, n0000w, . 000000000000000000

26



ooo:
52(90?):1:90(%8) + fu(un,g(x))gp?(x; 5) + M?(@Sﬁ?(% 5) —0 re (07 1)’ (4)
(©7)2(0;€) = (¢})(15¢) = 0.

000, eNU{0}000, 1) 00 ¢ (z;6)0 j+1000000000000
gobobobudgg. bbuoddonboooobbbbuooobbbbooogon
0000000000000 0000 (Brunovsky-Fiedler [1], Carr-Pego [2] 0 O ).

e UODOUDOODO : pl(e) < - <yl q(e) <0< pul(e) <+ < 4o0.

e 000000 :0<j<nO0000¢ >0,d>0,C,>000000
i (e)] < Cremne for e € (0,1),
7>n00000e>0,Co>000000
pi(e) > Cy  for e € (0,e7).

Fusco-Hale 4|0 000000000000 0OOO0O0OOO, 3)0D000OOOO
goboboooogobbobboood. bbbuogooobbobbooood
goooooooooo, bbb yooooooooboobooooboobobooon
0ooo0oooooo0o0.ooooooo,»0000 w, 0000 2 (=1,...,n)
Dooob,yoibioiooiieytz00ooooouooo,oooud
DobObOcosyrzy DOUODOOOOOOODOOO, 0000000000000
gooboooobb.bdgyuobobboooobbboooobbboon.

000000 flw)=snuOOOODOOOO,

(i) D0o00ooooooooO

(i) 000000 e—0000000O0OODODO
(i) 00000000 e—0000000C0O0O

gbobobooooobooaod.

00 ()0b0000 4003000000000 0000O,000000000
gooobbobobooobbb. ooobbbobobobbbooouooooooaag 3
goooboooooobooboobooboooobooboooooobo. ooooood
O000000000o0oo0o0o0oooooooD (i), W)oDooDooooo. 00O
00 fluw=v—2*000000000000000000000DO00O0DOOODO
00000D0,00000000 ([8),[9), 11]00).

gbobogobbogg 200, 0b0bogbobbooobo,oobbooobn
00000000000000.000000000000000000000 R!
00 (4000000000000 00000D0O0ODO, 000000000 DODOO0
gboboboooobbooogboboooobon.

gobooobbooobbooobbooobbooobbbooo.bo o
00000 Lamé000000,0000000 HeunOOOO (0 KAVOOO)O
00000000000000 (Whittaker-Watson [13], Takemura [7]). 00000
0000, (4)0000000000000000 f,(upe(z)) 000 Schrédinger O
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OO000000O000O0Ob0.00D00b00o0obo0ob0boOoO0ong Schrodingerd OO0
gbobboogbuoogobbbodad.
goobboobobbboboddoooooooboboooboboooogoag, oo
gobbobbbouoooobbbbboudgo,goodbbe—00000000
goboboogobbobooooboboooob 20b0d.

0000000000000000. 02000000 f(u) =sine00000
00000.03000,00000000,00000000000000000
00000000000000000000 ([10],[12)/00000). 0000 40
00,00000000000000000000.

2 Main Results

0000 f(u)=sinu0000000 (4)0000000000,0000000
o00o000oO0oOooooo.

00000 ()0 n0000 u,.0JacobiDDOO00000000000000
000O00.neN,e>00000,ke(0,1)0000000

1

oboob.0db Koo1goboooboo

! 1
Kik) = /0 N

000. 0000 KOODODDOODOODOOOODOO0O0000000000000 e €
(0,1/(nm))000,00000 k=k,(e)0OOOOO. 000 ky(e)0 0000
000000 lime_ok(e)=10000.

0000 u,.(0)>00000 n-moded u, . 00000000

Uy (z) = 2sin~! [kn(e)sn<w, l{:n(s))], £ € (0, i)

2ne nmw

000000 ()DooooOoOooooooooo, f(u=sinueOODOOOO0OO
00000000000 000 4)U0oo0ooooo.00o0oooooooooOd
20 —

Ty = for {=0,...,n, and Z?::T fort=1,---,n.

#0u,. 000000000, [#},27,]04,.00000000. f00000
00,000 fu(u,.)0 10000000. 0000 10000000000 u,,.
000000000000000 f(u..(z))00000000.
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4 1 z, z,) z4 1

0 1:us. 00 fu(us,) 0000,

0000000¢—» 00000000002 000000000000000
0000000000.00000-/000000,00000000 2= (z—27)/e
000000, un(z4e2), 00000000 fulup(2h+ez)0e—000000
U,(2)00 U_(2)00 f,(Us(z)) 0 ROODOOOOO0O0OOO,000

U.-(2) + f(U(z)) =0 in R,
Ui(—OO) = &, Ui(—i—OO) = :l:ﬂ', Ui(O) =0

000 (boooo v, 00000000). 00000000000 w, 0000
ooo, fulu,.) DOOO0O0O0OO0000. 000000000000 000000
gbobobooooboo.

21 0O0O0oboogd

000000000000000000. f(u)=snu000,u,. 000000
000 (4)0000,00000000,=0,000,0000 ¢ ¢"000,0
0oOoooOooooooooo.

Proposition 2.1. f(u) =sine 00000, 000000 :

) Hhle) = ~(1= 6P phase) = cos 25 —an (122 1))

() 1) = k(o) ilrse) = sin ™2 @) _ . (e)sn (% kn(5)>

04000000000000. ¢, ¢i02)0000000000100000,
00 +k,(e)0 00000000,

Remark 2.1. OO0O0000 ¢, pp00000000O00OO0DOOOODOOOODOO
000 ®o(2), £91(2)00000. OOOO0DO0DDOOOO UL 00000000 DOOOO

{ O..(2) + fu(U(2))@(2) + p@(2) =0 inR,

® ¢ H'(R). ©)
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0000000000, &(2)0 (5)0 po =0 (=limou?(e)) 000DOODOO0D
0000.00 ®,(2)0 py = fu(r) = 1(=lim._op"(e)) DODODO (5)000000
00.000 FY(R)00000000000000000 4,0 (5)0000000
0oooooo0.

00;#0,,0000000000000000000O0.k€e(0,1)0000,

h(u; p, k) = k* — sin® g — I, (6)
plps k) o= pu(p — k) (p — K + 1), (7)

gboooboo

Pne (5 11) 7= o (Un e (2); 1, Kn(€)), pe(pa) := pp, kn(€))

000, upe(z) € [-2sin" ' ky(e),2sin™" ko(e)] D0 OO0, pf(e) € [knle)®> — 1,0)
0000 hpe(z) >0, ph(e) € (ku(e)?,+00) 0000 hye(z) <0O0DD.
000 p€ (ku(e)?* —1,0) U (kn(e)? +00) 00 O

o LT pae(p)
R e il

0o0.w.00000000, by, 6,.000000000000. 00

One(l/(2n); p) = 20A(p; kn()), €=0,...,2n,

1

Amk%:/“fk P, k) P VUVl it Ve N L
’ 0 2 _gin2u . p— k2 pw— k2’
24/ k% —sin” | h(u; p, k)|

(8)
ddooooooo. ood H(y,k)DD JUd0oooooood:
1 1
(v, k ::/ ds, ke (0,1), ve(—1,+00).
(v, k) o (1+vs2)/(1—s2)(1 — k2s?) (0,1) ( )
10 0
E I T =T
AW e
20 (05 ) L Indy (W) x

-
-

1 T, (e e |
(-7 x| X

0 z X z) X z3 1 0 z; X Z Xy Z3 1

O 2 Ope(z;p) 0000 (n=3): (6-1) kp(e)* =1 < <0, (6-2) > ky(e)*
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: A(,k)

T2 dommmcceeeee

O—

K-1 0 [ 58
0 3: A(w, k) 0000 (k=3/V/10).

OO0 A00O0O0O0oOoooobobooo.

Lemma 2.1. p € (0,+00)\{#/2}000. 000000000 u(-5p):[0,1) =R
gboboooggo:

A(u(k;p); k) =p, forall k € (0,1).

O0000<p<a/2000, uk;p) € (—(1 —k?),0) limy_q u(k;p) =0, p>n/20
00, u(k;p) € (k? +00), limg_y u(k;p) =100000.

gbobboboobooboobooboobuoobooobgooo.

Proposition 2.2. j #0,n000. 0000 pj(e) = pu(kn(e); jm/(2n)),

@3 (@:8) = \lhn e (2, 122(2))] €08 (Onc (3 113(2)).

22 JOoobooood

obobobdle—-0000000000000. 0DOODOODDODODODO
gbooboooo.

Theorem 1. n e NOOOODO. 000000 (I)-(iv)00000:

1

(i) pp(e) = —16-e as +o(e ne) as e — 0.

(ii) If 0 < j < n, then /L;L(e):—16c082‘;—z-6_é +o(e ) as e— 0.

(iii) pr(e) =1—16 ¢ 7 +o0(e 7)) as & — 0.

(iv) If j > n, then pf =1+ (j —n)*n%e* + o(e®) as € — 0.

Theorem 100,000 M?D5—>ODDDDDDDDO§j<nDDj2nD

gogobobbbobooodadggdg,bbbbbotbdodudgogybooouaoogo
go.
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23 U0O0Oobooood

O000000000000000. ¢y, ep00000 Remark 2100000
gbo,bbdggobbobbodgoobbobbooooobbboooonooon. e
00000000000000000000 (n=3)00000.

3 ¢3

Z Z Z3 1 z Zy z3

=
=

—

z Zo\ Z3 1

0400004 (j=0,...,50000.

0000 f(w=snuOJOOOOODOO,000000000C00000:
e 0<j<nO00, p¥(x;¢) ~ @p(;€) cosjmzy  in (xf_y,27), £=1,...,n.
e j>n000, ¢i(x;€) ~ wp(w;€) cos(j — n)me.

OO000D0000 Theorem 2-5000000000000000.
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Theorem2(O<j<nDDD).nGN,O<j<nDDDD,cpg,gp?DDDDDD

1m—¢?(0;8) zcosj—ﬂ
=0 ¢ (0;¢) 2n
0000000.00000<d6<1/4n)0000O0,¢=1,...,n0000
¥j(w;€)
e—»O(pg(x;g)
O0000. 000¢=1(resp. ft=n)00000000000 [0,27 — ] (resp.
@y, +6,1)00000000.

= cosjmzy wuniformly in [z} | + 0,z — 0]

Theorem 3 (0 < j <nO000,00000000). Theorem 2000000, O
(=1,---,n—10000

"Xy +eze cos zy, , +cosz)  cosz), — Coszy
i Ly _ 041 ¢ I+1 i

= tanh z
e—0 @i (x) +ez;¢€) 2 2

OROOODODOOOOOODOOODO.

05 @3/d0000.

Theorem4(j>nDDD).nEN,j>nDDDD,@Z,@?DDDDDDDDDD

0oooOoo0o:
5 (0:e) _

e=0 1 (0; €)
00000<d6<1/(4n)0000§0000

= cos(j —n)mx, uniformly in [0,1] \ U(z? — 0,20 +0).
=1

o7 (z;€)
e—0 @Z (:[;; 5)

Theorem 5 (j >n 000, 00000000). Theorem 4000000, 0 ¢ =
1---,.n0000

lir% |07 (2 +ez;€) — on(2) +e2;€) - cos(j — n)mzy| =0

OROOODOOOOOOOODOODOO.
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3 Outline of Proofs

00000 200 Proposition 2.1,2.20 0 Theorem 1-50 0000000, 000
goodooobbbooooooboobbb . oo bobboooooooo
0000 (10, [12lc0oo00000oogg.

3.1 UU0uoogogooooogd

Propostition 220000 A00 p, AD 3000000000000 0OO0OOO
obooboooboooobooboob. obooboobobobobuoo AbOO
00000000000. 00000000000 (boooooooooO)

e JOOODODODO : ¢(x) =x/|h(ul(z);1)], p(p)=0000
1 x
e JODOODODOO : () = |h(u(x);,u)|cos(g/ Wﬂ) (p>0000)
0
O000.000 f(u) =sine0 00O, Proposition 2.100 (6), (7) 000000

Py (x:8) = \fhne(w515(2)),  @h(ae) = (1) fhy (5 pa(e))
Doo0O0000oo.

OO00DO0o0obOoO0oo0ooooo RO pO0bOODOO,00 A0O0DQOODO
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Proposition 3.1. ¢(z)0 (9)00000. 00000 (12)0 h(a)#000000
000000000, 00 @), {)00000;
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00 Proposition 3.1 000000 ¢,(1)=00000000000000000
00000000, ()00000000000000000, 00 w,. 00000
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000000000000000:0<j<n000 (nk)— (—=1,1),j >n000
(v,k) — (+00,1). [10]00000000000000000000000, 000
000 (i),(iv) 00000,

Theorem 2-500000000000000000000OO(0DOOOO),[12]0
JodooobbooooooobobboooooooonoboUg. g *0o0<y<nd
00 j*=0,j>n000 j7*=n00, ¥} (z;¢) := ¢fj(z;6) /¢ (z;6) 0000,00
gdooouoououououod:
(05 (73 €))a
@ (x;5€)
Theorem 2-400000 (15) 0000000000000 0OOOOOOOO, 00O
gdooououououogod:

e NUDOOODOU ¢y, o, DOODOOOON,
e JUUUOUODLO,
e JOOUOOOODDOO

pi () — - (€)

(W)m +2 e2

(V5 )z +

Y= 0. (15)

000000000000000000000000. 000 (1500000&e—0
gobobobobobboboooooo,gogoooobboboobbbdodgooooon
gb. ouooggobbbbouooooobbbbooooobbbbooooon
oo, boboubooboonodbbeyeybdbuouoonogn.

36



4 Discussions
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+[4X = (1 + k%) + (6 — 4m(m + 1)) k*u?| h, — 4k*>m(m + 1)uh =0

ooooooo
(1 — k*u?)(1 - u%(mwffg)—sﬁy+mm—2HMMdz
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